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Answer: Delay equations arise in Engineering...

... by the information system (of control), and
by the contact of bodies.

- Linear stability & subcritical Hopf bifurcations
- Robotic position and force control

- Balancing — human and robotic

- Contact problems

- Shimmying wheels (of trucks and motorcycles)

- Machine tool vibrations




Stability of linear RFDEs of n DoF systems

Delayed mechanical systems include 2" derivatives:

M5(t) + j_”hng(f, )it +9)+ I_()hdgK(t, 9 x(t+9) =0
Autonomous systems: B(¢, %) = B(9), K(t,9) = K(9)
rial solution: x(t)=Ae”| AeR’

Characteristic roots: Re 4, <0, j=1,2,... < stability
D(A) = det(MA? + j pIcEn JB(t,9) + j e*’dK (9))
D-curves: R(w) =Re D(iw), S(w) =ImD(iw), @ €[0,x)
R(p,)=0,k=1..r: S(p.)=0,k=1..r

> (D sanS(p,) = (1)

} < stability



Examples with 1 DoF, n =1
#() +cox(t) = ¢, j w(@)x(t+ NI, w(I) =1
1-e”

D(A) = 2% +¢, —clj

1ewdl9 = +c,—¢

R@)=-0"+c,—c, " = lim R(w)=—o
S(@)=¢, 08 — S(w) >0 forlc, > 0
0

w#2kr,k=01,...
S(p,)#0,k=1...r :>R(2k7z):—4kz7z2+c0 =0

Zk 1( 1) SgnS(pk) ( 1) n — rodd

1 ~7  =R(0)=c,—¢, >0




Stability chart (1) +c,x(t) =, [ x(t+9)d8




Delayed oscillators  w(%) =6(9+1)

il vibration
‘ ‘ frequencies

¢ ix X(2) + cox(t) = cx(t —1)
| + CO - Cle_ —
A — stability
"/ %™ chart



Delayed oscillator with damping
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cjn’ X(1) +box(1) + cox(t) cx(t —1)
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damping: b,=1
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X(t)+cox(t) =

01_[ w(P)x(¢ +3)d I

-1

//////%%/ C°/nzw(l9) = " sin(z9)
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X(¢)+6x(¢) =
x(t—7,)+x(—1,)




Non-autonomous linear RFDES

M) + [ dB(, 9l +9)+ [ dyK(t, 9)x(t+9)=0
Time-periodic systems: B(t+T,9%) =B(t9)
rial solution: |x(¢) = p(1)e”| K(@E+T,9)=K(¢,9)
p(t+T)=p()=>_" (A4, cos(k 2 t)+ B, sin(k 2 1))
Hill’s infinite dimensional determinant =
characteristic function = characteristic roots A4

Re 4,<0,/=1,2,... < stability < | | <1, j=1,2,...
for characteristic multipliers ¢ =e* of fund. op. at T




x(t) = Z(Ak eikt+Bk e—ikt)e;tt n Z(Zk e—ikt+§k eikt)e/Tt
k= O

The delayed Mathieu equation

X(t)+(0+ecost)x(t) =bx(t—2r)

k=0

x(t) = ZCk ek L & ¢(2-1K) Harmonic balance
= Hill’s determinant

det| ..

k=—00
/o

.o; 5+(1+ik)
.00

_ b e—27z(/1+ik)

0 0...)
0.
2

=0
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The delayed Mathieu — stability charts
X(t)+(0+ecost)x(t) =bx(t—2r)

1 0 1 2 3 4 o
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b=0 (Strutt-Incze, 1928) ,
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Stability chart of delayed Mathieu
¥(t)+ (0 +ecost)x(t)=bx(t—2r)

Insperger,
Stepan (2002)




Semi-discretization method — Iintroduction

¥(t)+cox(t) = cx(t —17)

T

2

0 At
The approximating DDE Is non-autonomous

t

T m=4
A e
oAt ¢

—

T=2T

T

27

m— o0

0

¥(t)+cox(t) =cx(t—7(¢)), 7(t) =t+(m—int(z/ Ar))At

telt t.q) =iAt,(i +1)Ar)
= x(t—7(¢)) = x((i —m)At) = x,_

m

At =27 [(m+1/2)



Introduction to SDM — delayed oscillator

A X(2) +cox(t) = cyx,,
/xi_i'\)fi)_ﬂ X(tl) — xl.
Xi-2 X; : .
> x(ti) = A

x(t) = Ky, €0s(. cyt) + K, sin( cyt) +eyx,,, | ¢

x(t) = =K.+ cy Sin(y/cyt) + K51/ cy COS(1/cot)

Xy = Ay X; T Ay X; T Ay, X,

y, =col(x; x; x4 ... x,_,)

yi+1 — Ayz
<1< stability

Xiyg =y X; T Ay X; T4y, X,

l

det(ul —A)=0 = u,,

..... m+2



Delayed oscillator — stability chart by SDM
¥(t)+cox(t) =cx(t—7(¢)), 7(t) =t+(m—int(z/ Ar))At
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Full discretization - comparison

Discretization also w.r.t. time derivatives
— slow convergence

=400 é
\J m =200
m=100



Introduction to SDM — Mathieu equation

¥()+cy(t)x(t)=0  ¢,(¢t) =0 +¢&cost

Co
At telt 1)

: TT (1) + o x(t) = 0
o x(ti) = X;

. TN Tttt g x(1;) = X,
—&

i=01,.,k-1
X

x(t) = x; cos(@(t—ti))+ ﬁsin(@(t—ti))




Semi-discretization — general case

#(t) = ﬁdgn(t, Nx(t+9), nt+T,9)=n(t,9)
. Ve >0, AM(g), Vm > M(g)
' =

,uj<g, j=mn+l,...

Insperger, Stepan:
Int. J. of

Numerical Methods
in Engineering (2002)




Examples — test on delayegi Mathieu

#(0) + (cy 5 + ¢y, COS(A7))x(2) = ¢, j x(t+9)d g

-1




¥(t)+ (cq5 + ¢y, COS(47))x(t) = ¢4 72T ])‘Sin(ﬂg)x(t +9)d 9
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X()+(6+c,, cosm))x(t) = x(t —7,) +x(t —7,)

fam = [ (%] I= n ()] -l




Nonlinear RFDEs In Engineering

Stability analysis of steady-states is followed by
bifurcation analysis

Hopf bifurcation — self-excited vibrations

Supercritical case: easy to avoid vibrations by
knowing the linear stability behaviour

Subcritical case: the unstable periodic solutions
mean a limited domain of attraction for the
desired steady-state behaviour — cannot be
predicted by linear stability analysis.




Stick&slip — unstable periodic motion
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Unstable limit ccle— ghost vibration
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