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Answer: Delay equations arise in Engineering…
… by the information system (of control), and 

by the contact of bodies.
- Linear stability & subcritical Hopf bifurcations
- Robotic position and force control
- Balancing – human and robotic
- Contact problems
- Shimmying wheels (of trucks and motorcycles)
- Machine tool vibrations



Stability of linear RFDEs of n DoF systems

Delayed mechanical systems include 2nd derivatives:

Trial solution:     
Characteristic roots: Re λj < 0, j=1,2,… ⇔ stability

D-curves:

⇔ stability
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Example with 1 DoF, n = 1
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Stability chart ∫− +=+
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Shimmy

Quasi-
periodicity!

Mechanical
degrees of
freedom?



Shimmy

video1

video2



Shimmy
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Shimmy on airplanes



Shimmy on airplanes



Shimmy on airplanes



Shimmy on airplanes

Hawker 125



Shimmy on airplanes



Shimmy on airplanes



Concorde 2001

Concorde



Buses, trucks

video



Mechanical model
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Governing equations & memory effect

Traveling wave solution of the PDE:
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Stability chart
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Nonlinear vibrations – without delay

No viscous
damping



Transient chaos
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Transient chaos

Non-conservative system –
even without viscous damping!



Nonlinear vibrations – without delay

With viscous
damping



Isola bifurcation



Quasi-periodicity

Subcriticality, like …



Stability chart with increasing damping



Simulations 

to find quasi-periodic
oscillations
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Simulation
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Experiments on running belt



Experiments on running belt
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Large caster length – elastic belt, king-pin
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Conclusion

The quasi-periodic oscillations can be 
explained with nonlinear time-delay 
models
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