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Abstract

We consider periodic perturbations of a central force field having a rotational symmetry, and prove the
existence of nearly circular periodic orbits. We thus generalize, in the planar case, some previous bifurcation
results obtained by Ambrosetti and Coti Zelati in [1]. Our results apply, in particular, to the classical Kepler
problem.
© 2018 Elsevier Inc. All rights reserved.
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1. Introduction

We study the planar system

X+g(x)x=¢eV, V(,x), (Se)

where g :10, +0o[ — R is a continuously differentiable function and V : R x (R?\ {0}) = R
is continuous, T -periodic in its first variable, and twice continuously differentiable in its second
variable. The real number ¢ will be considered as a small parameter.
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A particularly important special case of (S;) is illustrated by the perturbed Kepler problem

Pt ——x=eV,V(t,x), (Ke)
|x[3
where c is a positive constant. This kind of systems has been studied by plenty of authors, mainly
with the aim of finding periodic solutions: see, e.g., [1,2,4-6,8—14,17,19]. Let us describe two of
these results in detail.

In 1989, Ambrosetti and Coti Zelati [1] considered system (K ) in any dimension, and proved
that periodic solutions of period 27T exist assuming the perturbing potential to be even in x, i.e.,
that

Vi, x)=V(t,—x), foreveryt, x.

Their method of proof is variational, and provides a bifurcation result from a circular solution
X (t) of (Ko) having minimal period t, = 2T /n, with n odd. (By circular solution we mean a
solution whose orbit is a circle centered at the origin.) Indeed, they proved that at least three such
solutions x () exist, satisfying the symmetry property

x(t+T)=—x(t), foreveryt.

Recently, the authors of the present paper considered in [10] the case when the perturb-
ing force is radially symmetric, i.e., when V.,V (¢,x) = p(t, |x|) x, for some scalar function
p :Rx]0, +oo[ — R. It was proved that, if x,(¢) is a circular solution having minimal period 7,
and T /7, is a rational number n/m which is not an integer, then near this circular solution there
are mT -periodic solutions x () of system (K,) making exactly n rotations around the origin in
their period time, provided that |e| is small enough. Moreover, ¢ + |x(¢)| is T-periodic, and
t — Rot(x, [t,t + T]) is constant.

Let us recall here that, when y : [t1, T2] — R2 is a curve such that y (1) # 0 for every ¢, writing
y(t) = p(t)(cosO(t), sinb(t)), all functions being continuous, the rotation number around the
origin is defined as

0(z2) —6(t1)

Rot (y; [t1, ©2]) = o

In this paper we assume that the perturbing force has a rotational symmetry, i.e., there is a
rotation around the origin R, of angle

2
U=—),
m
with m being a positive integer, such that
V,V(t,Rx)=RV,V(t,x), foreveryt, x. @9)

Notice that, if m = 1, the above assumption will be trivially satisfied.
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Let p, > 0 be such that g(p,) > 0. Then, the unperturbed equation (Sp) has a circular solution
X« (2), with |x,(t)| = px, rotating counter-clockwise, having minimal period

_271
- Vel

We will ask the quotient 7'/, to be a rational number; more precisely, we assume that there exist
some positive integers £, n for which

Ty

2)

mT _n 3)

., 0

We then look for solutions x : R — R? \ {0} such that
x(t+£€T)=R"x(t), foreveryt; )

these solutions are m{T -periodic, and rotate n times around the origin in their period time. Notice
that, in this case, ¢ — |x(¢)| is £T -periodic and ¢ — Rot(x, [¢, ¢ + £T]) is constant, precisely
equal ton/m.

It will be useful to introduce the auxiliary function

h(p)=4g(p)+¢&'(p)p.
Here is our main result.

Theorem 1. In the above setting, assume that g'(p,) # 0 and

2k \ >
hmg¢!({%):keN\m4. 5)

Then, for any o > O there exists € > 0 such that, if |e| <&, system (S;) has at least four geomet-
rically distinct mLT -periodic solutions x (t) satisfying (4). Two of them rotate counter-clockwise,
and are such that, for some 01, 6> in [0, t[,

x(t) —xs(t+6;)| <o, foreveryteR. (6)
The other two solutions rotate clockwise, and are such that, for some 63, 04 in [0, T[,
|x(t) — xu(—t+6;))| <o, foreveryteR. @)
When assuming (1), once a solution x(¢) has been found, also R/x(t) is clearly a solution,
with j =1, ..., m— 1. In the above statement, we say that the solutions are geometrically distinct
if they are not related to each other in this way.

When dealing with the perturbed Kepler problem (K;), the functions h(p) and g(p) =cp™
coincide, and we have following.

3
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Corollary 2. If (3) is verified, and

T _2yn, ®)

Ty M

then the same conclusion of Theorem I holds for system (K,).

Indeed, in this case we have that h(p,) = 2n/ 17,)2, so that (5) follows directly from (8).
Notice that the case £ = 1, m = 2, and n odd was treated in [1, Theorem 2.2], showing the
existence of at least three 2T -periodic solutions near x,(¢), a circular solution of the unperturbed
problem having minimal period t, = 27 /n, in an arbitrary dimensional space. In the planar case,
there are at least four m€T -periodic solutions because it is possible to distinguish between two
of them rotating clockwise and two counter-clockwise. On the other hand, when considering
the radially symmetric situation as in [10], the integer number m > 2 can be chosen arbitrarily.
Theorem 1| thus extends [10, Corollary 4].

Now, since the minimal period of the circular orbits of the Kepler problem is strictly increas-
ing with their radius, we may expect that, taking any circular orbit x,(¢) of the unperturbed
system (Ky), the assumptions of Corollary 2 will be satisfied by many circular orbits which are
arbitrarily near to it. This is indeed the case, and will be established in Theorem 6 below.

The paper is organized as follows. In Section 2 we provide the proof of Theorem 1 by the
use of a bifurcation result, in a variational setting. At the end of the section we will make some
remarks on our choice of dealing only with the problem in dimension 2. In Section 3 we con-
sider a generalized Kepler problem, taking g(p) = cp~ 7, for some y > 0, and we provide the
existence of a myriad of periodic solutions near any circular solution of the unperturbed system.
As an example of application we propose a gravitational model of a pulsating star having some
rotational symmetry.

Let us also mention that all our results still hold when V (¢, x) is replaced by some V (¢, x, €),
with a smooth dependence on the parameter ¢.

2. Proof of Theorem 1
Searching for m£T -periodic solutions, we will deal with the Hilbert space
H! o ={x e H'(0,meT) : x(0) = x(meT)},

equipped with the usual scalar product

mlT
(v, w) = / [(v@), w(®)) + (V(1), w(t))]dr.
0

The elements of this space will be identified to the m{T -periodic continuous functions with
locally square integrable weak derivative.

In order to take into account the symmetry requirement (4), we will work on the Hilbert
subspace

&= {x € H!\p 1 x(t + £T) = R"x(t), for every 1 € [0, sz]} .
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Here, we recall, R is a rotation around the origin of angle 27 /m. Without loss of generality, we
will assume it to be counter-clockwise, i.e., in complex notation, if z € R2,

Rz=em z.

Moreover, since we are interested in solutions which never cross the origin, it will be worth
introducing the open subset

Ec={xe&:x(t)#0, forevery r € [0, meT1}.

We look for the critical points of the functional ¢, : £, — R defined as

mlT
o= [ [LEOF = Fxo) +evxo]ar
0
where
2
F(p)zfsg(S)dS-
0

Indeed, we have the following information.

Lemma 3. Under the assumption (1), the critical points of the functional ¢, correspond to
m{T -periodic solutions of (Sg) satisfying (4).

Proof. Let x € &, be a critical point of ¢,, namely

mlT
P () = / [(E@), 0(0) = (g(Ix(®)x (1) — VLV (1, x(1), v(1))]dt =0,
0

for every v € £. Notice that, since both x and v belong to £, using (1) we have that

mlT

/ [(E(@), 0(0) = (g(x(@®))x (1) — ViV (£, x(1)), (1)) ] dt =
0
_y G+Dber
=Z / [(X(), (1)) — (g(x()Dx (1) — eV V (2, x(1)), v(1))] dt
J=0" et
m—1 e
Z/ (X(t + JET), 0(t + jeT)) — g(|x(t + jET)|)(x(t + jET), v(t + jET))
]=00
—&e(VeV(t + jeT, x(t + j€T)), v(t + jLT))]dt
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LT
=m/ [(x(®), 0(D)) — (g(x(D)Dx (@) — eV V (2, x(1)), v(1))] dt .
0

Hence,

T

/ [((0), 0(0) = (X (@) Dx (1) = eV V (1, x(1)), v(1))]dr =0,
0

for every v € Hle , since such a function v(¢) can be extended on [0, m£T] to a function be-
longing to the space £. We then deduce that x(¢) has a weak derivative on [0, £T], which
almost everywhere coincides with ¥ () = —g(|x(#)])x(¢) + eV, V (¢, x(¢)), a continuous func-
tion. Therefore, x (¢) is twice continuously differentiable on [0, £T], and it is a classical solution
of the differential equation (Sg) on [0, £T']. Since x(t + £T) = R"x(¢) and (1) holds, the same
conclusion is reached on every interval [j¢T, (j + 1)¢T], with j =1,...,m — 1. Being ¥ (¢)
continuous on the whole real line, we see that x (¢) is indeed a classical m£T -periodic solution
of (S;). O

In order to state the abstract perturbation result, let us consider the symmetric bilinear form
@ (x) which associates to every pair of vectors v, w € £ the real number

@ (x 4+ Aw)v — @ (x)v

/" — 1'
0 () (v, w) = lim

A
mlT ,
= [ [t = £ 2P e w) = gt . )]
0

By the Riesz representation theorem, we associate to this bilinear form a bounded selfadjoint
operator in &, still denoted by <p6’ (x), such that, for every v, w € £,

(g (X)v, w) = @) (x) (v, w).

Let us now recall a well-established perturbation result which will be used in our proof (see,
e.g., [3,7,15,16,18]).

Theorem 4. Let an open subset &, of a Hilbert space £ be the domain of a family of twice
continuously differentiable functionals ¢, : £, — R, depending smoothly on ¢. Let Z C &, be a
compact manifold without boundary such that

(i) ¢y(x) =0, foreveryx € Z;
(i) @ (x) is a Fredholm operator of index 0, for every x € Z;
(iii) TxZ =kerg((x), for everyx € Z.

Then, there exists € > 0 such that, if |e| < g, the functional ¢, has at least cat(Z) critical points
near Z.
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In the above statement, we have denoted by cat(Z) the Lusternik—Schnirelmann category of
the topological space Z with respect to itself, namely the least integer k£ such that Z can be
covered by k closed subsets of Z which are contractible to a point in Z.

We will apply Theorem 4 separately for the clockwise and for the counter-clockwise rotating
solutions. Let us deal with those last ones, taking as Z the manifold of circular solutions with ra-
dius p, of the unperturbed system (Sp) rotating counter-clockwise. (The other case is completely
analogous.) Clearly enough, Z C &,. Once we choose x,(t), one of such circular solutions, Z
can be parametrized as a curve y : [0, 27] — &, e.g.,

Y (@) (1) =x:(1 +06).

Hence, Z is homeomorphic to § ! and cat(Z) = 2. Let us now verify the assumptions of Theo-
rem 4.

Condition (i) holds since every x € Z is a solution of (Sp), and hence <p(’)(x) =0.

In order to prove condition (ii) notice that, taking v, & € £, one has (pg (x)v = £ if and only if

meT

/ [(i} — &) — <g Dy + (o + £, wﬂ di =0,
0

x|

for every w € £. Setting u =& — v, with the same argument used to prove Lemma 3 we can then
deduce that u is twice continuously differentiable, and satisfies the differential equation

u=2 |()'j|")<x,v>x+<g<|x|>+ . )

By the Ascoli-Arzela Theorem it can be proved that the linear operator P : £ — &, taking every
v € £ into the unique solution u € £ of (9), is a compact operator. Being ¢ (x) =1d + P, the
Fredholm Alternative Theorem guarantees that <p(’)’ (x) has a finite dimensional kernel and a closed
image. Since it is selfadjoint, ker ¢ (x) = [Im ¢ (x)]+, and we conclude that @ (x) is a Fredholm
operator of index zero.

Finally, in order to verify (iii), we have to prove that T Z 2 ker g (x) for every x € Z
(the other inclusion is always true because x is a critical point). So, we choose x € Z and v €
ker ¢ (x). Without loss of generality, we assume that x(0) = (px, 0) so that, by (3), using the
complex notation,

2mni t

iy
x(1) = pse & = pyemil |

We want to prove that v € Ty Z. Taking 6 € R such that x(¢) = x.(t + 0), i.e., x = y(0), we
notice that

T.Z={uy'®) :neR}={ivx:veR}.

Particularizing equation (9) with £ =0, we see that any v € ker ¢ (x) satisfies the differential
equation
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g'(Ix)
x|

—i=g(xDv+ (v, x)x. (10)

Here, as well, using the complex notation we write v : R — C, and since we look for
m{T -periodic solutions, we have the corresponding Fourier series

2nk1t
v(t) ~ Z cremlT

keZ

with ¢ € C. Moreover, since v(t + £T) = R"v(t), it has to be

2mki 2mni 2mki
E cre mlT (+LT) —e m E cre mth

keZ keZ
so that
2mki 2 ni
ckem =cre m for every k € Z,
hence
either ¢y =0, or k e n +m7Z. (11)

Now, we write equation (10) as

2k \ 2 ki ki 2 2ni 2ni
Z(W) Ck@’””[:g(P*)che’Ml+g/(,0>x<)<zcke’”” Px emﬂt>e mer

keZ keZ kel

Recalling that, by (3),

_ 21 2_ 2n \?
g(p*)—<r—*> _<mET> ,

_ 8 (pIps (ﬂ)z

and setting

2 21

we get

2 t ki 4 27ni 4 27ni 4
E (k —n )ckemé’T = 2ua E cgem K , emlT emlT ",

keZ keZ

Remark that, having assumed g’ (pox) # 0, it follows that o # 0, as well. Since (z1, z2) = Re(z1z5})
and Re(z) = %(z + z*), we have
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2 2 2mki 27 (k— ni , 2mni 4
Z(k —n)cremT' =2aRe che mlT emlT

keZ keZ

}E: 2mki 2 2n—k)i ,
=« I:Cke meT ! —+ cke meT :| .

keZ

We then get
27Tkl 2m(2n—k)i k)l
Z(kZ_nZ_a) cremtT —ache meT R
keZ keZ
which, after a shift in the indices, becomes

2 2 27Tkl 2771(lt
E k —n- —-uo ckemeT —O[E c2n kemL'T

keZ keZ

Hence, we must have that
<k2 —n? —oz) Ck=0Ch,_p forevery k€ Z.

Taking k = n, we immediately observe that ¢, = —
change of indices, we have that

I‘l’

((n+j)2—n2—a>cn+j=“0;—j’ forevery j € Z.

So, also

((n—]) —nz—a)cn =G, forevery j € 7,

which is equivalent to
acnﬂ—((n—])z—nz—a)cn I for every j € Z.
We now solve the system (12)—(13). Since « # 0, substitution yields
(j2 -« +2nj) <j2 —o— 2nj) Cpj :azc:_j ,

hence
2 2 2.2 2
|:(j —a) —4n”j —a]c:_jzo,
and finally

2% = 2a - 4n2]cZ_j =0, forevery j € Z.

7063

i.e., Re(c,;) = 0. On the other hand, by a

12)

13)

(14)

From (11) we know that ¢, ; =0 when j ¢ mZ. Let now j = mp, for some p € (Z\ {0}); since
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eT\? er\?
20 +4n’ = (mz—n> (4g(p:) +8'(p)ps) = (mz—n> h(ps) ,

from (14) we deduce that

eT\?
[p2 - (E) h(p*)]c;:_m,, =0,
and assumption (5) leads to ¢, = 0. We then conclude that

ck =0, foreveryk #n.

Therefore we have proved that, if v € ker gog (x), it has the form

27in

v(t) =cpemtT!

where ¢, is a pure imaginary complex number, hence it can be written as ¢, = ib, with b, € R.
Therefore,

. ZHJ[ .bn
v(t) =ibpemtT' =i—x(t).
%

Hence, v € Ty Z, and this concludes the proof that (iii) holds true.
Theorem 1 is thus completely proved. O

To end this section, let us make some considerations on our choice of restricting the problem
to the dimension 2. If one considers system (S¢) in a higher dimension d > 3, a natural general-
ization of our symmetry condition (1) would be to assume the existence of a linear transformation
S :R? — R4 for which

Vi V(t,Sx)=8V,V(t,x), foreveryt,x. (15)
When looking for bifurcations from the manifold of the circular solutions of (Sp) having a pre-

scribed period 7., we may consider the functional ¢, : £ — R, as in the proof above, adapting
the situation to the new space

€= {x € H,p i x(t +0T) = Sx(t), forevery t € [0, sz]} .

Clearly, we need the whole manifold of circular solutions with minimal period t, to be contained
in £. We claim that, in this case, S has to be either the identity, or minus the identity.
Indeed, take a circular solution in a plane generated by two orthonormal vectors €1 and &3,

e.g.,
27T N\ L2 N\L
x(t) = p« (COS—[>€1+(S1H—I>62 .
Ty Ty

It has to belong to &£, hence
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2 - 2 R 2 -
sin —n(t + ET))ez = (cos —nt>8e1 + (sm —nt)Sez,

Ty Ty Ty

(cos 2—”(z‘ —i—ZT))E] + (

T

for every t. We thus see that the vectors S¢; and Sé; must lie on the subspace generated by &;
and é>. Moreover, |Sé|| = |Séx| = 1.

As a consequence of the above argument, the linear function S is an isometry, and it trans-
forms every 2-dimensional subspace into itself. It then follows by linearity that also every
I-dimensional subspace, being the intersection of two 2-dimensional subspaces, is transformed
into itself. (We have used here the fact that d > 3.) Then, for every x € R4, it has to be Sx = +x.

Let now {1, ..., ey} be the canonical basis of R?. By the above, the matrix associated to S
is diagonal, with entries 4-1. Assume by contradiction, e.g., that Se; = ¢} and Sé; = —é;. Then
S(é1 + €») = € — e, while it should be S(e| + ¢2) = £(e| + €>). We thus conclude that either
all diagonal entries are equal to 1, or they are all equal to —1. The claim is thus proved.

We remark once more that Ambrosetti and Coti Zelati in [1] have indeed considered perturba-
tions of Keplerian type problems in the d-dimensional space assuming S = —Id, hence requiring
the potential V (¢, x) to be an even function of x.

3. A myriad of periodic solutions

As a variant of system (K,), we may consider the generalized Kepler problem

55+LX=8VXV(I,X), (Ke)
lx|¥

where c is a positive constant, and y # 0. We assume again that (1) holds, where R is a rotation
around the origin of angle 2 /m. We fix a circular orbit x,(¢) of the unperturbed system (Eo),
with radius p, and minimal period 7., and we assume (3), for some positive integers ¢, n. In this
case, the function 4 (p) coincides with (4 — y)g(p) = (4 — y)cp~ 7, and we have the following
immediate consequence of Theorem 1.

Corollary 5. If (3) is verified, and

er\?
4=y (—) ¢ {2 kemy o] (16)
T

*

then the same conclusion of Theorem I holds for system (I? e)-

Notice that Corollary 2 is a direct consequence of Corollary 5. However, condition (16) could
be verified even if m = 1, in which case no symmetry is required on the perturbing term. This
surely happens, e.g., if y > 4 or, assuming y < 4 and recalling (3), when /4 — y is an irrational
number.

One could ask whether a condition like (16) is really needed. Indeed, such a condition is not
found in the paper by Ambrosetti and Coti Zelati [1]. However, there is an unclear point in their
proof, when they deduce (1.14); from (1.13), claiming that n £n(4 — y) 172 cannot be an integer
when y s 3. It could be possible that a weaker nondegenerate condition would guarantee the
existence of periodic solutions, but we will not investigate further this point.

Nevertheless, we will now prove the following rather surprising result.
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Theorem 6. Assume y > 0 and, whenever y = 3, then m > 2. For any circular solution x,(t) of
the unperturbed system (Eo), for any positive integer N and any o > 0, there exists € > 0 such
that, if || < &, equation (E ¢) has at least 4N periodic solutions x (t), whose orbits are near the
one of x,(t), in the sense of (6) or (7).

Proof. Making p vary near p,, we find infinitely many of its values for which mT /t(p) is a
rational number, i.e.,

0]

mneo_ , 17
(o)  €(p) a7

for some positive integers £(p), n(p). We would like to apply Corollary 5 when p, and 7, are
replaced by p, T(p), respectively. To this aim, we need to prove that condition (16) is satisfied,
i.e., that

2(0)T \?
(4—y>(ﬂ) ¢ {kken\ (o)), (18)
7(p)

for several values of p near p,.
If y > 4, then condition (18) is surely satisfied. Assume then y < 4, and consider the number
k = /4 —y /m. Then, by (17), condition (18) is equivalent to

LML o) ¢N. (19)
7(p)

If « is not rational, condition (19) is surely satisfied. Otherwise, let x = p/q € Q, for some
relatively prime positive integers p, g. We claim that g cannot be equal to 1. Indeed, if it were
g=1,1ie., y =4— (mp)?, since m, p are positive integers, we would have two possibilities:
if m = p =1, then y = 3, in which case we contradict the assumption that m > 2; on the other
hand, if m # 1 or p # 1, then y <0, contradicting the assumption that y > 0.

Now, among all the fractions in (17) we can select only those for which n(p) is relatively
prime with g. There are infinitely many of them, and

=" g

We have then proved that condition (19) is verified by infinitely many values of p near p,, so
that the assumptions of Corollary 5 are satisfied.

Take N of these values of p satisfying the conditions (17) and (18) above, denote them by
P1,-.., PN, and let xi @),..., xiv (t) be some circular solutions of (Kp) having those radii. By
Corollary 5, there are N positive numbers &1, ..., £y such that, if [¢| < &;, equation (I?g) has at

least four periodic solutions x  (f) whose orbit is near the one of x1(t). If |¢] is small enough, all
these solutions must be different from one another, thus proving the result. O

As an illustrative example of application of Corollary 5 and Theorem 6, we consider the
motion of a body having zero mass under the gravitational attraction of m + 1 bodies, in the
following configuration. The first of them is fixed at the origin, and has a mass equal to M. The
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e

e

Fig. 1. The case m =5, at three different times.

other m bodies move along the lines passing through the origin with angular directions 27 j/m,
with j =1,...,m, and have small masses equal to the same value ¢. We assume that these m
small masses move symmetrically and periodically in time (see Fig. 1).

Precisely, let p : R — [0, +o00[ be a T-periodic function, and denote by P : R — R? the
vector-valued function P(¢) = (p(t),0). The equation of motion for our zero-mass body will
then be of the type (K;), with c = GMj (here, G is the universal gravitational constant), and

- G
Vt,x) = ; —|x “RIPOI

As usual, R denotes the rotation of angle 27z /m about the origin. It is easily seen that (1) is satis-
fied, so that Corollary 5 (or Corollary 2) and Theorem 6 can be applied, providing the existence
of plenty of periodic orbits.
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