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Abstract. We prove the multiplicity of periodic solutions for an equa-
tion in a separable Hilbert space H, with T-periodic dependence in
time, of the type

P4 Az + Vo V(t, ) = elt) .

Here, A is a semi-negative definite bounded selfadjoint operator, with
nontrivial null-space N(A), the function V(¢,z) is bounded above,
periodic in z along a basis of N'(A), with V,V having its image in a
compact set, and e(t) has mean value in N'(A)*. Our results generalize
several well-known theorems in the finite-dimensional setting, as well
as a recent existence result in [1].

1 Introduction

Motivated by the model of a periodically forced pendulum, the existence of at
least two geometrically distinct T-periodic solutions for a scalar differential
equation of the form

2"+ 0, V(t,x) = e(t)

was first proved in [16], using the direct method of the calculus of variations
and the Mountain Pass Theorem, assuming V' (¢,x) to be T-periodic with
respect to t and 7-periodic with respect to z, and e(t) to be T-periodic with
Zero mean, i.e.,

/OTe(t)dt:O. (1)

This result extended an existence theorem first proved in [12], and later
rediscovered independently in [5, 21].



Here, and in the sequel, for simplicity all functions will be assumed to be
continuous. It can be seen that the multiplicity result in [16] is optimal if no
further conditions are added. Different proofs have also been provided, e.g.,
in [8, 9, 11], by the use of some generalized versions of the Poincaré-Birkhoff
theorem.

The result in [16] was later generalized in [17], through a similar approach,
to the corresponding system in R,

2+ V,V(t,x)=e(t), (2)

when V (t,z) = V(t,x1,...,2y) is T-periodic in ¢ and 7-periodic in xy, for
every k= 1,..., N. The first aim of this paper is to extend such a result to
an infinite-dimensional setting. So, let H be a separable Hilbert space, and
let (ex)r>1 be a Hilbert basis. We assume V' : R x H — R to be continuous,
T-periodic with respect to its first variable ¢, and continuously differentiable
with respect to its second variable x. Here is our result.

Theorem 1. Assume that there exists a sequence of positive real numbers
(Tk)k>1 such that

V(t,x + mer) = V(t,z), forevery (t,x) € [0,T| x H and k =1,2,... (3)

If YO0 77 < 400, then equation (2) has at least two geometrically distinct
T-periodic solutions, for every e(t) satisfying (1).

The above theorem generalizes |1, Theorem 6], where further regularity
assumptions were made on V', in order to obtain the existence of at least one
T-periodic solution. A Galerkin-type argument was used there to reduce the
problem to a sequence of finite-dimensional differential systems, to which a
generalized version of the Poincaré-Birkhoff theorem applies (cf. [9]), followed
by a limit process.

The proof of Theorem 1 will follow the same ideas introduced in [16, 17],
taking advantage of the compactness of the Hilbert cube [[,—,[0,7x]. The
first solution will be obtained by minimization of the action functional, while
the second one will be of mountain pass type.

Using the Lusternik—Schnirelmann theory, it was proved in [15] that, un-
der the same assumptions, system (2) in RY has indeed at least N + 1 geo-
metrically distinct T-periodic solutions, thus generalizing the result in [17].
(Notice that, when N > 2 the multiplicity result is not optimal, as shown
by the four equilibria of a double pendulum.) Even more, a system of the

type
"+ Ax + V,V(t,x) = e(t) (4)
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was considered there, involving a symmetric matrix A. Other results in this
direction, including the case of Hamiltonian systems leading to a strongly
indefinite action functional, were studied, e.g., in |3, 4, 6, 7, 9, 10, 13, 14, 20].

The second aim of this paper is to obtain multiplicity results for an
infinite-dimensional system of the type (4), when A : H — H is a semi-
negative definite bounded selfadjoint operator, whose spectrum contains 0 as
an isolated eigenvalue, V (¢, x) is bounded above and T-periodic in ¢, and the
image of V,V is contained in a compact set of H. Denoting by N (A) the
null space of A, we distinguish two cases.

If N(A) has finite dimension N and V (¢, x) satisfies a periodicity condi-
tion of the type (3), with the ej replaced by the elements of an orthonormal
basis of N'(A), the existence of at least N+1 geometrically distinct T-periodic
solutions is proved, when the mean value of e(t) belongs to N'(A)*. The pre-
cise statement will be given in Section 2. The proof, provided in Section 3,
will be carried out by the use of an abstract theorem, given in 18] and in-
spired by [19], providing the multiplicity of critical points of some functionals
in a Banach space X which are bounded below, invariant under the action of
some discrete subgroups of X, and satisfy a suitable Palais—Smale condition.

If N(A) has infinite dimension, assuming in addition that > 7, 77 <
+00, after finding the first solution by minimization of the action functional,
a second one is provided by the Mountain Pass Theorem. We thus get, in this
case, the existence of at least two geometrically distinct T-periodic solutions.

The paper ends with an example and a corresponding open problem.

2 The main result

Let H be a separable Hilbert space, with scalar product (-, -) and correspond-
ing norm | - |. In this space, we consider the equation

T+ Ax +V,V(t,x) =e(t), (5)

where A € L(H) is a bounded selfadjoint operator, and e : R — H is
continuous and T-periodic. Concerning the function V : R x H — R, it is
continuous, T-periodic in its first variable ¢, and differentiable with respect to
its second variable z, with corresponding continuous gradient V,V : Rx H —

H.

Let us introduce our assumptions. We denote by N(A) the null-space
of A, and by o(A) its spectrum. We take a Hilbert basis (ax)r of N(A),
considered as a subspace of H. If N'(A) has a finite dimension, its basis will
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be given by (ai,...,ay); if it is infinite-dimensional, we will have a sequence
of vectors (ay, as,...).

A1. The selfadjoint operator A is semi-negative definite, with N'(A) # {0},
and

sup (o(A) \ {0}) < 0.
So, 0 is an isolated point of o(.A).

A2. The mean value of e(t) is orthogonal to N'(A), i.e.,
T
/ e(t)dt e N(A)*.
0
Then, we have that
T
/ (e(t),ar)dt =0, forevery k=1,2,...
0

A3. There exists a sequence of positive real numbers (7 )g>1 such that
V(t,x + mpar) = V(t,x), forevery (t,) € [0,T] x H and k=1,2,...
A4. There is a nonnegative constant C' such that
V(t,z) < C, forevery (t,z) € [0,T] x H.

A5. The set V,V([0,T] x H) is precompact in H.

In the above setting, we can now state the main result of this paper.

Theorem 2. Assume that conditions Al to A5 hold. If N(A) is finite-
dimensional, then equation (5) has at least dim N (A) + 1 geometrically dis-
tinct T-periodic solutions. On the other hand, if N'(A) is infinite-dimensional
and Y32 TF < 400, then there are at least two of them.

Notice that, once a T-periodic solution z(t) has been found, any function
obtained by adding to it some integer multiples of 7ay is still a T-periodic
solution. We say that two T-periodic solutions are geometrically distinct if
they cannot be obtained one from the other in this way.

Concerning assumption A5, we remark that it will surely be satisfied if
the following holds.



A5'. There exists a Hilbert basis (ex)r>1 and a nonnegative sequence (Mg )y,
with Yo | M7 < +00, such that

(1,

< My, forevery (t,z) € [0,T] x H and k =1,2,...
€L

Indeed, A5 implies that V,V ([0, T] x H) is contained in a Hilbert cube,
which is a compact set in H.

Notice that Theorem 1 is a direct consequence of Theorem 2, taking A = 0
and (ax)r = (ex)r, a Hilbert basis of H. Indeed, the periodicity assumption
in Theorem 1 and the compactness of the set [0, 7] x [[;—,[0, 7] show that
A4 and A5 are surely satisfied.

In the proof of Theorem 2, we will need a result from [18], which we now
recall, for the reader’s convenience.

Let G be a discrete subgroup of a Banach space X and 7 : X — X/G be
the canonical surjection. A subset S of X is G-invariant if 7=(7(S)) = S,
and a function f defined on X is G-invariant if f(u 4+ g) = f(u), for every
u € X and every g € G. If ¢ € CYX,R) is G-invariant, then ¢’ is also
G-invariant, and if u is a critical point of ¢, the same is true for u + g for all
g € G. The corresponding set {u + g : g € G} is called a critical orbit of .

A G-invariant differentiable function ¢ : X — R satisfies the (PS)q
condition if, for every sequence (u,), in X such that ¢(u,) is bounded and
¢'(u,) — 0, the sequence (m(uy,)), contains a convergent subsequence.

The following multiplicity result for the critical points of G-invariant func-
tionals is stated as Theorem 4.12 in [18].

Theorem 3. Let p € CY(X,R) be a G-invariant functional satisfying the
(PS)qg condition. If ¢ is bounded from below and if the dimension N of the
space generated by G s finite, then ¢ has at least N + 1 critical orbits.

3 Proof of Theorem 2

Let L%([0,T], H) be the space of measurable functions z : [0,7] — H such
that |x| is square integrable. It is a Hilbert space equipped with the scalar
product

(2, )2 = / (x(t), (1)) dt

and corresponding norm
T 2
el = ([ tatoPar)
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We consider the space H'([0,T], H), made of those functions z belonging
to L*([0,T], H) with weak derivative & also in L*([0,T], H). It is a Hilbert
space, as well, with the scalar product

(2, y) = (&, 9)2 + (&, 9)2 —/0 [(z(), y(1)) + (2(2),5(1))] dt,

and corresponding norm

lall = (ll2ll3 + 1213)F = ( / (e + ()] dt)Z.

Moreover, H*([0,T], H) is continuously embedded in C([0,T], H), the space
of continuous functions, with the usual norm

|z]|0o = max{|z(t)| : t € [0,T]}.

(For further information on the space H'([0,T], H) we refer, e.g., to [2].)

Let
Hy ={x € H([0,T],H) : 2(0) = 2(T)},

and define the functional ¢ : H}. — R as

() =/0 [5lE@17 = 5(Ax(t), 2(t)) — V(t 2(1)) + (e(t), 2(t))] dt.

It is continuously differentiable, and its critical points correspond to the T-
periodic solutions of (5). Moreover, by A2 and A3,

o(x + mvag) = p(x), for every x € Hy and k > 1. (6)

As usual, we identify the constant functions with their constant value.
So, having identified H with the space of constant functions, it will be a
subspace of H}.. Hence, we can write

Hi=HoW =NA) aNA) oW =N(A) oW .

Here, W is the orthogonal space to H in H%, N(A)* is the orthogonal to
N(A) in H, and W = N(A)* ® W. Correspondingly, we will write each
x € Hb as x(t) = T+ &(t), with € N'(A) and & € W. Moreover, we will
write Z(t) = & + Z(t), with £ € N(A)* and & € W. Notice that, for any
r € Hi,

[a;}::%/o Pt dt =7+ 7 %/0 Bt dt = 0. (7)



Proposition 4. For every x € H}., one has
|00 < VT || - (8)

Proof. Let (ex)r>1 be a Hilbert basis of H. Then, for any function z € H,

we may write
= Z(ﬂvﬁ(t),ek) €L = Z.ﬁfﬁk t €L
k=1 k=1

Being &) continuous, T-periodic with zero mean, there is a ¢, € [0,7] for

which Zj(t;) = 0, hence
T T 3
< / |T(s)] ds < VT (/ |:tk(s)|2ds> ,
0 0

for every t € [0,T]. As a consequence,

0P =S P < T / Zm s =7 [ i) ds,

for every t € [0, 7], whence the conclusion. O]

By A1, A2, A4, (7) and (8), setting 0 := —sup(c(.A) \ {0}),

[Tr(t)] = fk(tk)-I—/ i1(s) ds

ty

oa) = [ TP — HAT(0).5(0) = V0,500 + e(6),3(0)]
> [ 0P - 54,2 - 3(As(0), (0)] dt - O = Tlel 3

T
> [ et~ §T(AG8) — OT = Tlellol(e] + 7]
0
. ~ 3 . ~
> Bl + S0 — OT — THelalll — Tl

Hence, since § > 0, there are two positive constants ¢ > 0 and ¢ > 0 for
which

p(z) > c(ll2)3 +121*) - ¢ (9)
and the functional ¢ is bounded below.
For w € C([0,T], H), we denote by Pu the indefinite integral defined on
[0,T] by

Pu(t) = /0 t u(s) ds .



Lemma 5. Let E C C([0,T],H) be such that A := {u([0,T]) : u € E} is
precompact in H. Then:

(a) the set B := {fO t)dt :u € E} is precompact in H;
(b) the set S :={Pu:u e E} is precompact in C([0,T], H).

Proof. (a) Let € > 0. There exists a finite sequence (vy,...,v,,) in H such
that, denoting by B(u, p) any open ball of center u and radius p,

n
= UBu.e

We denote by )y the orthogonal projection from H to the space V' generated

by (v1,...,v,). The set
T
= {/ Qou(t)dt:uEE}
0

is bounded in V', hence precompact in V. This implies the existence of a
finite sequence (wy, ..., w,,) in V such that

C - 6 B(wk,g)

k=1

For every u € E/, we have

/OT u(t) dt — /OT Qou(t) dt‘ < /OT lu(t) — Qou(t)| dt < T .

It follows that

Since ¢ is arbitrary, B is precompact in H.

(b) Let us define
R :={P(Qou) :u € E}.

The set {P(Qou)(t) : t € [0,7],u € E} is bounded in V, hence precompact
inV. For 0 <t; <ty <T, we have
/ Qo(u)(s) ds

|P(Qou)(t2) — P(Qou)(t1)| = <ty —t1)




for some ¢ > 0. By the Ascoli-Arzela theorem, the set R is precompact in
C([0,T],V). This implies the existence of a finite sequence (f1,..., fy) in
C([0,T],V) such that

N
RC U B(fr,e).
k=1

Since, for every u € F and t € [0,T], we have

|Pu(t) — P(Qou)(t !</ lu(s) — Qou(s)|ds < Te,

we conclude that

Sc B 1+T)e).

k=1
Since € > 0 is arbitrary, S is precompact in C([0,7], H). O

We now prove the following.

Proposition 6. If (z"), is a sequence in H}. such that (p(x™)), is bounded
and V(z™) — 0, then ("), has a convergent subsequence.

Proof. Since (¢(2™)), is bounded, by (8) and (9) we have that ("), is
bounded in Hj. On the other hand, we can modify Z" into some z" such
that the scalar product (2", ai) belongs to [0, 7], for every k, and (2", ax) =
(", ax) mod 7. Defining 2™ = 2" + ", we have a new sequence for which
0(2") = p(x™) and V(") = Ve(a™), by (6). Moreover, (2™),, is bounded,
hence there is a subsequence, still denoted by (z"),,, which weakly converges

to some z* € H}.. We want to show that (2"), strongly converges to z* in
HL.

Since Vp(z") — 0 and (z"),, weakly converges to z*, we have that
(Vip(2") = Vp(z7), 2" = 2%) = 0,
hm/ [12"(8) = 2" ()" = (A("(t) — 2* (1)), 2" (t) — 2" (1))~
—(V V(t 2'(t) = Vo V(1 2°(1)), 2"(t) — 2" (1)) dt = 0. (10)

Since (2™),, weakly converges to z* in L*([0,T], H),

li7rln/0 (VL V(t, 25(1), 2" (t) — 2*(£)) dt = 0. (11)
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We want to prove that also, up to a subsequence,

lign/o (V. V(L 2"(t)),2"(t) — 2"(t))dt = 0. (12)
Define on [0, 7] the continuous functions
w'(t) = Vo V(E,2"(1),  y"(t) = 2"(t) = 2" (1),

having values in H. Using the notation in (7), we have
| wograna = [ (@ ao. o)
=T LD+ [ @5 ) .

Since (y"), weakly converges to 0 in L*([0,T7], H), we see that ([y"]), weakly
converges to 0 in H. Indeed, for every n € H, considering it as a constant
function in L?([0, 7], H), we have that

win=(3 [ voan) =g [ woma-o

Moreover, by A5, the set {w"(t) : ¢t € [0,T],n € N} is precompact in H.
Hence, by Lemma 5(a), the sequence ([w"]),, is contained in a compact subset
of H. Then, up to a subsequence,

lim ([w"], [y"]) = 0.

n

On the other hand, defining

we have that £"(T) = £"(0), and recalling that ¢"(¢t) and y™(t) differ by a
constant, integrating by parts we have

We know that (y"),, weakly converges to 0 in L?([0,T], H). Moreover, since
{w"(t) : t € [0,T],n € N} is precompact in H, by Lemma 5(b), the sequence
(€M), is contained in a compact subset of C([0,7], H) and hence, up to a
subsequence,

i [ (€03 (0) dt = 0,

thus proving (12).
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Going back to (10), by (11) and (12), we get

lirrln/o [127(t) = 2 (8) ] — (A(Z"(t) — 2*(t)), 2"(t) — 2*(t))] dt = 0.

By A1, being A semi-negative definite, we deduce that

hm/ *)|Pdt =0,

and

Hence, 2" — z* in L*([0,T], H), and, by Al, also 2" — 2*. Being 2" =
Z" + 2" we have proved that (2"), converges in H}.. This fact leads to the
conclusion of the proof. m

We now distinguish the two cases. If N'(A) has finite dimension N, then
Theorem 3 applies, because Proposition 6 provides the (PS)¢s condition for

N
= {kamak Ty € Z} ,

k=1

which is a subgroup of H}., and ¢ is G-invariant. We thus get N + 1 critical
orbits of ¢.

Assume now that N(A) is infinite-dimensional. We first prove that ¢
has a minimum. To this aim, let (z"), be a sequence in H} such that
¢(z™) = ¢ := inf (H7). By the Ekeland Principle, there is a sequence (y"),
such that

2" = 4"l =0, »(y") =¢, Vey") =0.

Moreover, by (6), we can argue as in beginning of the proof of Proposition 6
and assume without loss of generality that

yte K = {y:Zykak:ykG[O,Tk] fork;zl,Z...},

k=1
for every n. The set K is compact, being isometric to the Hilbert cube
[172,10, 7] in £2, since Y ;2 , 72 < +oo. Using this and Proposition 6, there
is a subsequence of (y"),, converging to some y* € Hr. Then, p(y*) = ¢, and
Vo(y*) = 0. We have thus found a minimum point for the functional .
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If y* is not an isolated minimum point, then there are infinitely many
minimum points near y*. In this case, then, there are infinitely many geo-
metrically distinct critical points of .

Otherwise, if y* is an isolated minimum point, there is a constant r > 0
such that o
o(u) > mingp, for every u € B(y*,r)\ {y"}.

(We denote by B(y*,r) the open ball centered at y*, with radius r > 0, and
by B(y*,r) its closure.) Let us prove that

BBI(I;J?T)QO >ming.

By contradiction, assume that there is a sequence (£"),, in 9B(y*, r) such that
©(€") — min . Using the Ekeland Principle, it is possible to find a sequence
(n™), in HL such that ¢(n™) — ming, || — || — 0 and V(") — 0.
By (6), we can assume without loss of generality that " € K, for every n.
Then, by Proposition 6, there is a subsequence of (™), which converges to
some y in H}. Being OB(x,r) a closed set, we have that y € B(y*,r), and
by continuity ¢(y) = min ¢, a contradiction.

Choosing, e.g., v = y* + may, if r > 0 small enough we have that
y** ¢ B(y*,r), and

) = o(y*) < inf
e(y™) =) it

So, the Mountain Pass Theorem applies: setting

I'={yeC(0,1], Hy) : 7(0) =y" ,v(1) =y},

and
= inf max p(y(¢
¢ #61“1&6[(?,1] (7( )>’

there is a sequence (u"), in Hx such that
lim p(u") = ¢, lim Vp(u™) =0.

Moreover, ¢(y*) < c¢. Proceeding as in the first part of the proof, we can
assume without loss of generality that u™ € K, and we can find a subsequence
of (u™),, which converges to some u* € Hz., so that ¢(u*) = ¢ and Vip(u*) =
0. Since ¢(y*) < ¢(u*), we have thus found two critical points, y* and u*,
which are geometrically distinct. O]
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4 An example and an open problem

Let (ex)r be an orthonormal basis in H, and assume that the periodicity
condition (3) holds. Assume moreover (1), i.e., that e(¢) has a zero mean.
Defining, for every N > 1, the projection

o0 oo
Py:H—H, x:E Tier —> g Treg ,
k=1 k=N+1

we have that
N (Py) = span{ey, ... en}.

Then, taking A = — Py, Theorem 2 applies to the system
¥ — Pyx+ V,V(t,x) =e(t),

and provides us with at least N+1 geometrically distinct T-periodic solutions.

Notice that the number of T-periodic solutions increases indefinitely to-
gether with N. However, passing to the limit on N, the system becomes

i+ VL V(t ) = e(t),

to which Theorem 2 still applies, but guarantees only two T-periodic solu-
tions. It is an open problem to know if, in this last case, the existence of
more than two T-periodic solutions can be proved.
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