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Abstract

We study periodically forced pendulum-type equations involving

the one-dimensional mean curvature operator of the type

(#/VIHER) + (ot BIVITH R ole) = £00)

where f is T-periodic for some T > 0 and g is 2w-periodic, both having
zero mean. After reformulating the equation as a Hamiltonian system,
we apply a modern variant of the Poincaré-Birkhoff theorem to prove
existence and multiplicity of T-periodic solutions. Next, for the model
case g(x) = sinz, we analyse the multiplicity of subharmonic solutions

assuming some smallness condition on the primitive of f.

1 Introduction

The study of periodic solutions to a periodically forced pendulum equation
of the form
2 4+ asinz = f(t)

is a classic topic in the qualitative theory of ordinary differential equations,
which has attracted the attention of several mathematicians for more than
one century. Starting from G. Hamel [14] in 1922, several existence and mul-
tiplicity results have been proved, by using both variational and topological
methods (see, e.g., [7, 18, 19, 20, 29]). We refer to [17] for an extended

survey.

In the beginning of the new century, some authors have considered the
problem where the linear operator z” is replaced by a non-linear one of the
form (¢(z'))’, where ¢ : | — a,a] — | — b, b[ is an increasing homeomorphism,

with a, b € ]0, +00]. In particular, the relativistic Minkowski curvature, when



#(v) = v/v/1 — 02, has been first considered by H. Brezis and J. Mawhin
in [5] and then deeply studied in [3, 4, 11, 16] (see also [6] for a recent
survey). On the other hand, the Euclidean mean curvature operator, when
#(v) = v/v/1+ 02, has been first analysed by F. Obersnel and P. Omari
in [22] and then further investigated in [11, 23, 24].

Recently, P. Amster, J.A. Cid and J. Mawhin have considered in [2] the

periodic problem for the equation

( 1f/(m,)2> b Lo = 0,

where 3 is a real constant, g : R — R is 2w-periodic with f027r g(s)ds =0 and
f: R — R is T-periodic with fOT f(t)dt = 0. Their result has been extended

in [12] to a more general equation of the type

(6(2))" + &) g(x) = f (1),

where ¢ : R —| — 1,1[ is an increasing homeomorphism and ¢ is suitably
related to ¢. The proof in [12] is based on a modern variant of the Poincaré—
Birkhoff theorem provided in [13], after reducing the equation to a suitable

planar Hamiltonian system.

In the present paper, our main aim is to extend the approach in [12] to

the mean curvature equation

(15(:6,)2> + (04 + 1‘5(33,)2> g(x) = f(1). (1)

The situation is much more delicate here: indeed, it was shown in [22, 23|
that, if 8 = 0, for any 27-periodic function g such that f027r g(z) dz = 0 there
exists a C°°-function f, satisfying fOTf(t) dt = 0, such that equation (1)
has no T-periodic solutions (even in the BV sense). On the other hand, a
general abstract condition was introduced in [22] in order to guarantee the
existence of at least two solutions of the problem. However, such solutions
are defined in the BV sense and can possibly present some discontinuities.
Some results concerning existence of classical solutions are given, e.g., in [24],
when suitable couples of lower- and upper- solutions can be found. Such
a situation is met, for example, assuming some conditions on ||f|ec. We

will come back to this approach in Section 5, presenting a more precise



statement. Sufficient conditions involving the primitive F(t) = fg f(r)dr
are considered, e.g., in [27, Cor 4] and [11, Cor 5.1], in the special case § = 0

and g(z) = sinz.

The paper is organised as follows. In Section 2 we recall a version of the
Poincaré—Birkhoff theorem which will be needed in the proof of our main
multiplicity result; we also recall a perturbation theorem from [9], which has

indeed also been obtained by the use of the Poincaré—Birkhoff theorem.

In Section 3 we write equation (1) as an equivalent planar Hamiltonian
system and apply the above cited Poincaré—Birkhoff theorem to prove ex-
istence and multiplicity of T-periodic solutions of equation (1), under an

assumption involving the primitive F' of f.

In Section 4 we specialise our analysis to the case g(x) = sinz and in-
vestigate the associated autonomous Hamiltonian system. We study the
behaviour of the period map near the centre, proving in particular its lo-
cal monotonicity and analyticity. Using these properties, together with the
above cited perturbation theorem in [9] and an idea in [10], we find a myr-
iad of subharmonic solutions of the given system, assuming ||F||» to be

sufficiently small.

In Section 5, we provide some details on the possible application of the
lower and upper solutions technique to find T-periodic solutions of equa-

tion (1), and collect some further remarks and open problems.

Finally, the Appendix contains the proofs of two technical lemmas used

in establishing the results of Section 4.

2 Some preliminaries

The main tool in the proof of our result is a version of the Poincaré—Birkhoff
theorem, established in [13], which we recall here for the reader’s convenience.

Consider a planar Hamiltonian system
¥ =0,H(t,z,y), y = —0.H(t,z,y), (2)

where H : R xR? — R is continuous, T-periodic in ¢, with continuous partial
derivatives 0, H(t,x,y) and 0, H (t,x,y).



Theorem 2.1. Assume moreover that H(t,z,y) is 2m-periodic in x. Let
a,b: R — R be continuous 2m-periodic functions such that a(x) < b(zx) for
every x. Define the graphs

Go={(z.y) eR’:y=a(x)}, G ={(z,y) eR*:y=0b(x)},

and the set
S={(z,y) eR?:a(z) <y <bx)}.

Assume that every solution z = (x,y) of (2) with initial condition z(0) € S
is defined on [0,T] and that

2000€G, = z(T)—2(0)<0,

(3)
200G, = x(T)—=(0)>0.

Then, system (2) has at least two geometrically distinct T-periodic solutions
z1 = (x1,y1) and z2 = (x2,y2) whose initial points z1(0) and z2(0) belong to
the interior of S.

Assumption (3) is usually referred to as a twist condition. The same
conclusion remains valid if the inequalities in (3) are reversed. Observe that,
since H is 2m-periodic in the variable z, whenever (z(t),y(t)) is a T-periodic
solution of system (2), so is (z(t) + 2km,y(t)), k € Z. Hence, from any given
T-periodic solution, one obtains infinitely many others by adding integer
multiples of 27 to the x-component. Two T-periodic solutions are said to be

geometrically distinct if they are not related in this way.

We will also need the following perturbation result, which can be obtained
from Theorem 2.1 after passing to suitable action-angle variables, as proved
in [9, Thm 2.1] (see also [8, Thm 3.2]).

Let A C R? be a period annulus for the autonomous Hamiltonian system
o' =0y (x,y), Y =-0:9(z,y).

Here 57 : A — R is assumed to be a twice continuously differentiable func-
tion. All the solutions with initial point in A are periodic and their orbits
are not contractible in A. Moreover, we assume that A is not isochronous,
i.e., the periods of the solutions in A cover an interval [Tmin , Tmax|, With
Tmin < Tmax. Without loss of generality, we assume that A surrounds the

origin.



Theorem 2.2. Let H : R x A — R be continuous, T-periodic in t, with con-
tinuous partial derivatives 0, H(t,x,y) and 0yH (t,z,y). Given two positive

integers m and n such that
T
Tmin < mi < TmaX7
n
there is an & > 0 such that, if
\VH(t,z,y) — VA (x,y)| <&, for every t € [0,T] and (z,y) € A,

then system (2) has at least two mT -periodic solutions, whose orbits are
contained in A, which make exactly n rotations around the origin in the

pertod time mT .

3 Multiplicity of T-periodic solutions

In this section we consider the differential equation (1), where a and /3 are

real constants. Here are our assumptions on the functions g and f:

(A1) ¢ :R — Ris continuous, 27-periodic, and such that f027r g(x)dx = 0.
(A2) f:R — Ris locally integrable, T-periodic and satisfies fOT f(t)dt =0.
It will be useful to introduce the function ¢ : R — ] — 1, 1] defined by
6(v) = v/V1+ 02,

and its inverse ¢~ :] — 1,1[—= R,
o (w) = w/v/1—w?.

We say that x is a solution of (1) if it is continuously differentiable, the
function t — ¢(2/(t)) is absolutely continuous, and the equation is satisfied

almost everywhere.
We define G(z) = [ g(s)ds, F(t) = fg f(7)dr, and use the notation
Foo = max{|F(0)| 1 € [0, 7]}
osc(F) =max F —min F',
goo = max{[g(z)| : x € [0, 27]},
Goo = max{|G(z)| : x € [0,27]}.

Let us present the main result of this section.



Theorem 3.1. Assume (A1) and (Az). If moreover
osc(F) + 2T (|e| + |B])goc < 1, (4)
then there are at least two geometrically distinct T-periodic solutions of (1).

Proof. First of all we assume, without loss of generality, that F,, = %OSC(F )
and F'(0) = 0. Indeed, the primitive F' of f is defined up to an additive
constant, so we could take instead F such that min F = — max F. Moreover,
since there exists a ty such that F (to) = 0, the change of variable 7 =t — tg

preserves all the assumptions, by periodicity.

Let us first assume 3 # 0. Define n:] —1,1[— R by

n(w):—%—\/l—wQ.

Notice that 7/(w) = ¢~*(w) for every w €] —1,1[. Equation (1) is equivalent

to the Hamiltonian system

o' = ¢ (YWY + F(1)),

5
y' = Bg(z) (e’ﬁc(x)n(e“’(x)y +F(t) —yo H(PC@y + F(t ))) ©)

with Hamiltonian function

a — X T
Hit,a,y) = 5 +e AE@) (PC@y 1 F (1))

= %(1 — e PO _ =FG(@ \/l (ePG(= y+F(t))2,

defined on the set
D= { (t,z,y) € R : ‘eBG(x)y%-F | < 1}

In order to apply Theorem 2.1, we introduce a smooth truncation. Let
§ €]0,1[, to be fixed later, and let p : R — [0, 1] be a C*° function such that

o
pls) =1 if[s|<1=4d,  p(s)=0 if|s|>1- 7.
Deﬁneﬁ:Rsz—)Rby

~ BC@y + F(t) H(t,z,y), if |PS@y + F(t)| <1 - -,
F(t.o,y) = p(e@Wy + F(1) H(t,z,y), if "Wy + FE)] <1 -7

0, otherwise.



This modified Hamiltonian function is continuously differentiable in (z,y),
T-periodic in ¢t and 27-periodic in . We now look for T-periodic solutions

of the modified Hamiltonian system
= 8yf~l(t, x,y), y = —(%ﬁ(if, z,Yy), (6)

to which we will apply Theorem 2.1.

Set
C = Fe +T(laf +8])gso - (7)

Since, by assumption (4), we have that C' < 1/2, we can choose ¢ €]0,1]
and C such that

— 1-9
C<C< — - (8)
Let us fix
. 1-9
=5
and define the functions
a(z) = —re PCE@), b(z) = re PE@),

In order to verify the assumptions of Theorem 2.1, let z = (z, y) be a solution

of system (6), and let
w(t) = PCEO)y (1) + F(t).
We need the following.
Claim 1. If 2(0) € S, then |w(t)] < 1 — 4, for every t € [0, 7.
In order to prove the claim, we introduce the interval
I={te[0,T]:|w(r)]<1-4, for every 7 € [0,t]}.

Notice that, since [y(0)| < re=P¢@0) and F(0) = 0, we have that [w(0)| < 7,
hence 0 € I. If t € I, the solution of the truncated system is also a solution

of the original Hamiltonian system, hence

w'(t) = f(t) + Bn(w(t))g(z(t)) ,

and therefore
w(t) =w(0) + F(t) +/0 Bn(w(s))g(x(s))ds .

7



Since
[Bn(w)] =] —a=BV1I-w? <o+ 8],
recalling (7) and (8), for every ¢ € I we obtain
[w(t)| <7+ Foo + T(la + [B])goe <7+ C <1-34.
By continuity, this shows that sup I belongs to I and, since I is a relatively
open interval in [0, T, we conclude that I = [0,7T]. The claim is thus proved.

By the above claim, the solutions with initial condition z(0) € S are

defined on [0, 7). Let us now verify the twist condition.
Claim 2. If z2(0) € Gy, then 0 < w(t) < 1 — 4, for every t € [0,T].

Arguing as in the proof of Claim 1, we introduce the interval
I ={te[0,T]:0<w(r) <1—4, for every 7 € [0,t]}.
Since w(0) = r, we have that 0 € I and, for every t € I,
wt) <r+ Foo + T(|a] +18])goo <7+ C <1—96.
Moreover,
wt) >r—Fyo —T(la] +18])go0 >7—C >0,
and we easily conclude, by continuity. Also Claim 2 is thus proved.

Hence, for every solution with z(0) € G,
2'(t) = ¢ H(w(t)) >0, forevery t € [0,T],

and therefore z(7T") — z(0) > 0.

By similar arguments we have that, if z(0) € G,, then —14+4§ < w(t) < 0,
for every t € [0, T], and we deduce that x(T) —x(0) < 0. The twist condition

is thus verified.

Theorem 2.1 therefore yields at least two geometrically distinct T-perio-
dic solutions z; = (x1,y1) and 22 = (22, y2) of system (6), with z;(0) and
22(0) in the interior of S. Moreover, the previous estimates show that these
solutions remain in the region where the truncated Hamiltonian coincides
with the original one. Therefore, z; and 25 are solutions of the original
system (5), as well. Hence, x1 and z2 are the two solutions of equation (1)

we were looking for.



If 8 =0, we use the limiting Hamiltonian function

Hy(t, z,y) = aG(z) — /1 - (y + F(t))?,
and proceed similarly. We prefer not entering into details, for brevity.

The proof is thus completed. O

Remark 3.2. Notice that the case f =0 has been essentially settled in [11,
Cor 5.1, where it was stated for g(x) = sinz, thus reducing assumption (4)
to 2(Fo + Ta]) < 1.

4 Perturbative results

We now consider equation (1) with g(z) =sinz, i.e.,

! , B .
<1+<$,)2> + (a 4 l—i—(x’)Q> sinz = f(t). 9)

First of all we study the autonomous equation obtained by taking f = 0. In

this section, we choose G(z) = — cosz as a primitive of g(x) = sinz.

If 8 #£ 0, the Hamiltonian function

%(l’,y) _ % _ e,Bcosx <g + 1— 6—26(:05ny>

is defined in the open strip
Dg = {(z,y) € R? : [e7Peosay| < 1}, (10)

and the associated Hamiltonian system is

x/ _ e—ﬁcosmy
1— 6—2Bcosxy2 ’ (11)
—Bcosx,,2
y' =Bsinz —eﬂcosx(g +v1— ewco”yQ) -£ =7 Y = |-
1—e cos Ty,

If 8 =0, the Hamiltonian function is

Hiwyy) = —/T— g2 —acosz, |yl <1. (12)

We now describe the phase portrait inside the cell [—7, 7] x R, assuming
throughout the section that
a+B3>0. (13)



In this case, the origin is a centre. Let us denote by Z the maximal open
interval in |0, [ with the property that, for every a € Z, the solution starting
from (a, 0) is periodic; we denote by 7(a) its minimal period. It is well known

that the function a — 7(a) is continuous; we can thus define the interval
J ={7(a):a eZ}.
We now state our basic perturbative result.

Theorem 4.1. Let a+ 3 > 0 and (As) hold; choose two positive integers
m,n such that

“reg.

n
Then there exists € > 0 with the following property: if Foo < E, then equa-
tion (9) has at least two mT -periodic solutions x1,xo such that, for j = 1,2,
the curves t — (x;(t),2}(t)) do not cross the origin and rotate around it

exactly n times in the time interval [0, mT].

Proof. We give the proof for § # 0, the case § = 0 being simpler. Equa-

tion (9) is equivalent to the non-autonomous Hamiltonian system

rx, _ e—Bcosxy+ F(t)
\/1 _ (e—ﬁcosxy + F(t))2 7
y = Bsinz [ — efoose (g + \/1 — (e=Boosy 4+ F(t))2> (14)
S i B A0 ]
\/1 _ (efﬁcosxy + F(t))Q 7

\

well defined whenever
|e_/3c°”y +F(t)| <1.

We choose a; and ag in Z such that 7(a1) < mT/n < 7(az). The periodic
orbits of (11) passing through (a1,0) and (a2,0) bound a period annulus
A contained in Dg. We can thus apply Theorem 2.2 and find two mT-
periodic solutions (x;(t),y;(t)) of (14), with j = 1,2, which perform exactly
n rotations around the origin in the time interval [0, mT'|, provided that Fi

is sufficiently small. Since

U(z,y) = (z,¢ (e 77y))

10



is a homeomorphism defined on A, one can easily see that the curves t —
(zj(t),2%(t)) stay in a small neighborhood of W(A), which is an annulus
surrounding the origin, and they rotate around the origin exactly n times in

the time interval [0, mT]. The proof is complete. O

Before stating our next theorem, we analyse the period map associated
with (11) in a neighborhood of the origin. Notice that, since the linearised
system at (0,0) is equivalent to the scalar equation n” + (o + 8)n = 0, we
have that

2
lim 7(a) = z

a—07t va+p )
However, as a consequence of the following lemma, this value does not nec-

essarily coincide with inf 7.

Lemma 4.2. Assuming o + 3 > 0, the period map is strictly increasing
near the origin if 3a + 26 < 1, and strictly decreasing near the origin if
3a+26 > 1.

We will also need the following.

Lemma 4.3. Assuming o+ 3 > 0, the period map a — 7(a) is analytic on
the interval Z.

The proofs of these two lemmas are provided in the Appendix. We are
now ready to present the main result of this section. In the following state-

ment, dy denotes the Hausdorff distance in R2.

Theorem 4.4. Fix any ag € T and let I'g be the periodic orbit of the au-
tonomous system (11) through (ag,0). Then, for every o > 0 and any pos-
itive integer N, there exists & > 0 such that, if Fso < &, system (14) has
at least N periodic solutions z = (x,y), whose orbits I'(z) are such that
dy(I'(z),Tg) < o.

Proof. Since by Lemma 4.3 the period map is an analytic function and by
Lemma 4.2 it is not constant, this map cannot be constant on any nontrivial
interval. Hence, once ag € Z has been fixed, we can first choose a; and ao
as near to ap as we want, with 7(a;) < 7(az). We then select N couples of
positive integers (myg, ng), with k = 1,..., N, such that the numbers m;T'/ny,
are distinct and contained in the interval |7(a;1),7(az)[. Then Theorem 4.1

applies, and the proof is easily completed. ]

11



We will now perform a more detailed phase plane analysis of the orbits

of the autonomous system (11). It will be useful to define the quantity

. B0,
X8 =19,

We want to prove that, if 0 < a4+ 5 < x(f), then the energy level through
(m,0) is a genuine heteroclinic orbit contained in the open strip Dg (see

Figure 1).

blue heteroclinic level inside red strip

Figure 1: The case a =0, § = 1.

Proposition 4.5. Assume 0 < a+ < x(B). Then the equilibria ((2k +
1)7,0), k € Z, are hyperbolic saddles, while the equilibria (2km,0) are centres.
Moreover, the energy level through (m,0) contains two invariant curves T,
connecting (—m,0) and (m,0) in opposite time directions. In the cell [—m, ],

these curves are the graphs

{(,y) 1y = Yo 5(2)},

where, if B # 0,

2
Yaﬂ(x)Q — p2Bcosz [1 _ <<g + 1> e-ﬁ(l—f—cosz) _ g) ] , (15)

whereas, if 5 =0,

Yoo(z)? =1— (1 —a(l + cosz))”. (16)

12



If (z(t),y(t)) is a solution on the upper branch T, then

lim (x(t),y(t)) = (_71—’0)7 lim (ﬂf(t)vy(t)) = (7(7()) :

t——o0 t—+00

More precisely, there exist constants C_,Cy > 0 such that
z(t)+ 7~ Coe VOBl st —o0,

and
7 —a(t) ~ Cype Vol st — 400,

The analogous statements hold on the lower branch I'™.

Proof. We consider first the case 8 # 0. The critical points of J73 are
precisely (km,0), k € Z. The linearisation at (0,0) is equivalent to the
scalar equation 7" 4+ (o + B)n = 0, whereas the linearisation at (m,0) gives
7" — (a+ B)n = 0. Thus, since a+ S > 0, the equilibria (2k7,0) are centres
and the equilibria ((2k + 1)7,0) are hyperbolic saddles.

The energy level through (7, 0) is identified by the formula

1— 6725coszy2 — (a + 1> e—ﬂ(l-l—cosac) o

a
B B’

as long as it is well defined. Let

o a
Sx)=|=+ 1> e B(tcosz) =
-5 ;
Since 0 < a + 8 < x(fB), simple computations for both 8 > 0 and 5 < 0
show that
0<S(z) <1, for every x €] — m, [,

and one recovers formula (15).

Along the upper branch,
e Peosey s(x) = /1 - S(x)?,

and therefore

/ \/1_5(37)2 >0
33—75(36) .

The solution thus moves from —7 to w. Since near x = 7 the linearised
equation is " — (a+ B)n = 0, the convergence to the saddle is exponential
with rate v/a + 8. The same argument applies near —.

13



For 8 = 0, the Hamiltonian is (12). The energy level through (,0) is

identified by
V1—y?2=1—a(l+cosx).

Condition 0 < a+ 8 < x(8) becomes 0 < o < 1/2, which guarantees that
the right-hand side is such that

0<l—a(l+cosz)<1l, foreveryze]—m, .
This gives (16). The rest of the proof is identical. O

The heteroclinic loop described above surrounds the centre (0,0). The

open region
Pag={(2,y): -7 <z <7, ~Yop(x) <y < Yaps(x)}

is filled by periodic orbits of the autonomous system. Their periods tend to
27 /\/a + [ as the orbits shrink to the centre, and tend to +o0o as the orbits

approach the heteroclinic loop. Therefore, we have that

As an immediate consequence, we have the following.

Corollary 4.6. Let (A2) hold, assume 0 < o+ 5 < x(B) and let m be an

integer such that
27

Va+p8

Then there exists € > 0 with the following property: if Foo < E, then equa-

ml >

tion (9) has at least two periodic solutions x1,xs having minimal period mT .
Moreover, for j = 1,2, the curves t — (z;(t),2;(t)) do not cross the origin

and rotate around it exactly once in the time interval [0, mT].

Proof. 1t is sufficient to apply Theorem 4.1, in view of (17), with n = 1.
Since the corresponding curves rotate exactly once around the origin in the

time interval [0, mT], their minimal period is mT. O

14



blue level tangent to red boundary

Figure 2: The case a = 0.156518, 5 = 1.

If o+ 5 = x(B), then the energy level through (7,0) tangentially ap-
proaches the boundary of the strip Dg at the points (2km, e, with k € Z
(see Figure 2). If a4 > (), it reaches the boundary of Dy before crossing
the lines x = 0 or © = 27 (see Figure 3), it breaks there and then reappears
symmetrically with respect to those vertical lines. We will not state the

corresponding corollaries, for brevity.

-2n -n 0 n 2n

Figure 3: The case a = 0.2, 8 = 1.

5 Final remarks

1. Assuming || f||oo sufficiently small, we can easily define constant upper

and lower solutions of the T-periodic problem associated with equation (1),

15



by considering, for example, minimum or maximum points of g. We can then
apply the method of lower and upper solutions described in |24, Prop 3.4

and 3.6| to prove the following result.

Theorem 5.1. Let g : R — R be continuous and 2w-periodic, f : R — R be

continuous and T-periodic. Assume o+ 3 # 0 and

min g < o;f—(i—t)ﬁ <maxg, foreveryte [0,T].
If either )
(ol +180) [ lote)] do+dmfo <1,
or

2
(Jo] + 161 goe + foo <
where goo = max{|g(z)| : z € [0,27]}, foo = max{|f(t)| : t € [0,T]}, then
there exist at least two geometrically distinct T-periodic solutions of equa-

tion (1).

Notice that, in the above theorem, the functions f and g do not need
to have zero mean. On the other hand, comparing it with Theorem 3.1 one
can observe that assumption (4) has the advantage of only involving F, a

primitive of f.

2. Clearly enough, in our statements, the period 27 of the function g(x) can
be replaced by any positive real number. However, a possible generalization
of Theorem 3.1 in the case when g(z) is replaced by a more general function

g(t, ) remains an open problem.

3. In Section 4 we have assumed (13), i.e., a + 8 > 0. In this case, (0,0)
is a centre for system (11), while (m,0) is a saddle. The case a + 8 < 0
can be treated analogously, the role of (0,0) and (m,0) being interchanged.

However, the case a + 8 = 0, with a 7 0 # 3, remains an open problem.

4. There is a large literature on the pendulum equation with a friction term

(see, e.g., [17] and the references therein). In [1], the relativistic equation

! )/ / B
—— | + '+ ———=sinx = f(1).
(w/l—m’P V1—|2)? (¥
was considered, obtaining existence and multiplicity of periodic solutions.
We expect that similar results could be obtained also for the mean curvature

equation.

16



5. In |25, 26] R. Ortega analysed the stability problem for the classical
pendulum equation. Later on, in [28], a similar result was provided for
the relativistic pendulum. It would be interesting to carry on this type of

investigation also for equation (1).

6 Appendix: Proof of Lemmas 4.2 and 4.3
In this appendix we provide the proofs of Lemma 4.2 and Lemma 4.3. For
the reader’s convenience, we also recall the statements.

Lemma 4.2. Assuming (13), the period map is strictly increasing near the

origin if 3a+ 28 < 1, and strictly decreasing near the origin if 3a+25 > 1.

Proof. We write 1 = o + 3. The autonomous equation associated with (11)

is equivalent to
o+ [au + (@))% + B(1 + (x’)ﬂ sinz = 0.

Expanding at (z,2’) = (0,0), one obtains

3
" + px — %xg + <2a + B) z(z')?

P13 30,12 4 O 4 N
10" 6<2 +5>x($) + 5 2@+ O(l(@,2)]) = 0.

Notice that, since the coefficient
a(l+ (@) + B(1+ (2)?)

is an even analytic function of 2/, while sinz is an odd analytic function of
x, only monomials of the form x2/!(2")2* occur, hence their total degree is
always odd.

We use a Poincaré-Lindstedt expansion (see, e.g., [21]). Since the period

function 7(a) is associated with the solution issuing from (a,0), we write
z(t) = au(8), 0 = wt,

and normalise u by u(0) = 1, «/(0) = 0. Indeed, these conditions are equiv-
alent to x(0) = a, 2/(0) = 0. With this normalisation, the amplitude pa-
rameter a is exactly the initial displacement of the orbit. We then look

for
u(f) = cos 0 + a*us(8) + a*us(0) + O(a®),
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with

and
w? = p (1 4 09a® + o4a* + O(a?)) .

At order a?, the equation gives
3 1
ug 4+ upy = — [(; —i—B) sin? 0 cos§ — o9 cos — 600836 .

Since the homogeneous equation v” +v = 0 has solutions cos § and sin 6, the
right-hand side must have no component in the direction of cos 6, otherwise
a secular term would appear and us would not be 27-periodic.

Using the formulas

0 5 30 0 — 0
3cosb + cos 3 cosfsin2g — & cos3

3
- bttt
cos 1 , 1 ,

we see that the coefficient of cos@ in the right-hand side is

_|_1_1 3£+5
2T T4\ 2 '

Thus the non-resonance condition yields

_3a+28-1

g9 3

Therefore,
Ja+28-1
w= /i [14—165&24—0(@4)] .
Since the period is the reciprocal of the frequency, we have
2 2 02 o 4 -1
=== 2 (1+Za?+0(ah) .
w Vi ( + 2 @ +0(a")

Using the expansion (1 +¢)~! =1 — ¢+ O(e?), we obtain

7(a)

ﬂ@_jg(—g%ﬁux&»_j%P+1_fg45&+omﬂ.

This proves that the period map is strictly increasing near the origin if

3a+ 26 < 1, and strictly decreasing near the origin if 3a + 28 > 1.
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Assume now that 3a+ 28 = 1. Then o9 = 0, and the equation at order
a® becomes

1
uy 4+ ug = g cos(36) .

With the normalization u2(0) = u4(0) = 0, this gives
1
uz(6) = — (cos 0 — cos(36)) .
48
We now look at the terms of order a®. Since o3 = 0, we have
w? = 1 (1 + o4a* + 0(a?)).

For simplicity, write

c=cosf, s =siné.

Substituting
u=c+atus + a*ug + O(aG)

into the expanded equation and collecting the terms of order a®, after division

by pa, one obtains

1 1
0=ul +ug+o4c — iczug + 5 (u232 + 20(—3)1/2)
L o5 1 32 3don 4
+ 1200 120 s°+ 3 cs”.
Since ¢’ = —c, this can be rewritten as

uﬁf + uqg = o4c+ R4(9) ,

where

1 1 1 1 3
R4(0) = iczug — §u232 + csuf — mc‘r’ + 56382 — %034.

As before, the right-hand side must have no component in the resonant
direction cos . We therefore compute the coefficient of cos in Ry. If P(0)

is a trigonometric polynomial, we denote this coefficient by

1 2w
[Pleoso = / P(0)cosdb .
T Jo

Using
ug = i(c —cos 30), ul

15 —s+ 3sin30),

:Z8(
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we compute the different contributions separately:
|:26 UQ:| cos 6 N 192 ’ { 2u28 :| cosf B 192 7 [CSUZ] cos 0 B 96 ,

[_165] _ b [1&”52} _ L {_304%54} __Bap
120° |, 1927 |12°7 .., 96 8 .., 64

Therefore

1 1 1 1 1 3ap 1 —3ap
[Raleoso = 102 102 796 102 ‘

96 64 64
Since 3a + 28 = 1, we have
_1-2p B 1+
o = 3 ) _04+B_ 3 )
hence )
|~ Sap—1- (1-28)(1+p) _ 283 —FB%—27
3 3
and consequently,
282 + B+ 2
R cos — T o6
[Raleoso 192

The coefficient of cos 8 in the right-hand side of
uy 4 uy = o4c + Ra(0)

is therefore

oy 2822
: 192
The non-resonance condition gives
oy B2
T 192
thus )
28% 4 B +2
2 _ AP TP Ay 6
w —u[l 192 a—f—O(a)],
and hence )
2 2
W=/ {1 - %cﬁ +O(a6)] .

Since the period is the reciprocal of the frequency, we finally get

2 2m 262+ 8+2 4 6
= [1 YR +O0(a”)| .

w Vi

7(a)

Since
2824+ 8+2>0, for every 5 € R,

the period map is strictly increasing near the origin also if 3a+28 =1. O
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Lemma 4.3. Assuming o+ 8 > 0, the period map a — 7(a) is analytic on
the interval T.

Proof. We first consider the case § # 0. The vector field associated with (11)
is analytic in the open set Dy defined in (10). Fix ag € Z, and let zg = (ao, 0),
70 = 7(ap). The periodic orbit through z; is compactly contained in Dg.
Hence the local flow ®(t,2) of (11) is analytic with respect to (¢,z) in a
neighborhood of [0, 9] x {z0}. Write

®(t, (a,0)) = (z(t; a), y(t; a)) -
Since ®(79, (ag,0)) = (ap,0), we have

y(105a0) = 0.

Moreover, using (11) at the point (ag,0), one obtains
0

(i a0) = 9/ (10) = (e + )e? O sinag £ 0.

By the analytic implicit function theorem (see, e.g., [15, Thm 3.11]), there
exist a neighborhood U of ag and an analytic function ¢ : U — R such that

Y(ag) = 70 and
y(¢(a);a) =0, forevery ae U.

Since the Hamiltonian is constant along the solutions, we have
Hy(a((a);a), 0) = H4(a,0).

Set

h/@(l‘) = jfﬂ(x,()) — % _ <g + 1) eﬁcos:c’

hence
hi(z) = (o + B)el ST gin g .

In particular, hjz(ag) > 0. Thus, possibly shrinking U, the function hg is
one-to-one in a neighborhood of ag. Since both z(¢(a),a) and a are close to

ag, the equality
implies

Consequently,
®(1(a), (a,0)) = (a,0),
so that 1 (a) is a period of the solution starting from (a,0).
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It remains to prove that, possibly shrinking U, the period (a) is the
minimal period. Let I'y be the periodic orbit through zy = (ag,0). Since
T’y contains no equilibria, there are a compact neighborhood K of I'g and a

number p > 0 such that
O(t,z) # 2z, forevery z € K and every 0 < [t| < p.
Shrinking U, we may assume that, for every a € U, the arc

{®(t,(a,0)): 0 < t < ¥(a)}

is contained in K.
Suppose, by contradiction, that there exists a sequence a,, — ag such that
¥ (ay) is not the minimal period of the solution starting from z, = (ay,0),

and let p, be its minimal period. Then

0<pn< @Z}(an)

Since no point of K has a positive period smaller than or equal to p, we
have p, > p. Passing to a subsequence, we may assume that p, — p, with
p < p < 719. By continuity, ®(p, z9) = 20, and by the minimality of 7p, this
implies p = 7p.

On the other hand, both p,, and ¢ (a,) are periods of the same solution.
Since the system is autonomous, their difference ¢, = ¥ (a,) — p, is also a

positive period of the solution starting from z,. But
G —T0—T0=0,

which contradicts the choice of p, for n large. Hence v (a) is the minimal
period for a sufficiently close to ag, i.e., ¥(a) = 7(a). Since ag € Z was
arbitrary, 7 is analytic on Z.

The case 8 = 0 is analogous. In this case the Hamiltonian is

H)(x,y) = —/1—y? —acosx,

and
ho(x) = 7(x,0) = =1 — acosx.

Thus

hi(z) = asinx.

Since now o = o + > 0, we again have h{(ag) > 0 for every ag €]0, .

The same argument applies and proves the result. O
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