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Abstract

We study the motion of a particle on a surface of revolution under
a force field directed along the meridians. The magnitude of the force
may slightly depend on the longitude, so the force is anisotropic, but
the absence of an azimuthal component preserves the angular momen-
tum. This allows us to use the longitude as independent variable and
to reduce the dynamics to a scalar Binet—Clairaut type equation. In
the unperturbed case, circular motions become equilibria of a planar
Hamiltonian system. We identify explicit center and twist conditions
and apply the Poincaré-Birkhoff theorem to obtain periodic motions
under small anisotropic perturbations. The general reduction is then
applied to ellipsoids of revolution, in particular the sphere, to the hy-
perboloid, the hyperbolic plane, the paraboloid, and we provide several
further elementary examples.

1 Introduction

A foundational pillar of Classical Mechanics, formalized by Emmy Noether,
is the reduction of complex dynamical systems through the systematic use of
continuous symmetries. In Celestial Dynamics, the classical Clairaut trans-
formation stands out as a prominent example of this principle, reducing the
planar central force dynamics to a second order scalar equation. In partic-
ular, it converts the Kepler problem into a harmonic oscillator, rendering it
integrable by elementary means.

A natural extension of this mechanism appears when particles are con-
strained to move on curved manifolds. For instance, the Kepler problem for-
mulated on surfaces of constant curvature has been shown to admit a struc-
turally analogous reduction [22]. In the recent paper [15], we have shown how
the Clairaut transformation is also useful in the study of the motion of parti-
cles under the action of anisotropic central force fields. The primary objective
of the present work is to bridge these two paradigms: we develop a generalized
Clairaut reduction framework for a particle constrained to move on a general



surface of revolution, driven by an external meridional force field that exhibits
explicit angular anisotropy.

The history of the dynamics of particles constrained to curved surfaces is
remarkably rich and very old. According to [5], the first consideration of the
Kepler problem on manifolds of constant curvature goes back to the very in-
troduction of hyperbolic geometries independently by Lobachevsky and Bolyai
around 1835. Later, around 1860, P.J. Serret [26] solved the Kepler problem
on the 2-sphere S?. Shortly thereafter, G. Darboux [10] attempted to ex-
tend Bertrand’s theorem to surfaces of revolution, discovering a family of sur-
faces of revolution where all geodesics are periodic orbits. Many other math-

ematicians contributed to this important line of research until recent works
like [5, 22, 23, 25].

Cronologically very close to the introduction of non-Euclidean geometries
by Lobachevsky and Bolyai, Jacobi [21| in 1842 proposed the study of the
anisotropic Kepler problem

.. Xz

where the gravitational parameter depends on the angular variable ¢. This
problem was studied later by Darboux in 1884 [11]. So it is sure that at
least Darboux was aware of these two extensions of the classical Kepler prob-
lem. However, while the problem of the dynamics of particles on curved sur-
faces remained very popular, especially after the birth of General Relativity,
the anisotropic generalization of the Kepler problem proposed by Jacobi was
largely forgotten; recently, only some references by Albouy and collaborators
can be cited [1, 2, 3.

Our intention in this paper is to merge these two classical problems. We
consider a smooth surface of revolution parametrized by a meridian coordi-
nate and an azimuthal longitude angle, endowed with an external force field
directed strictly along the tangent lines of the meridians. The force magni-
tude may depend on the longitude, and therefore the field is fundamentally
anisotropic and breaks standard rotational invariance. Nevertheless, since it
has no azimuthal component, the angular momentum L with respect to the axis
of revolution is conserved. On any non-trivial orbit where L # 0, the longitude
coordinate varies monotonically and can thus be chosen as the new indepen-
dent variable. By defining a custom generalized Clairaut change of variables,
we transform the full equations of motion into a second order scalar differen-
tial equation subjected to periodic forcing. When the underlying meridional
force is isotropic, the reduced equation is equivalent to a planar autonomous
Hamiltonian system. Under these conditions, steady circular motions along
the surface parallels correspond to equilibria in the phase plane. If such an
equilibrium is a local center and the local period annulus is not isochronous, the



application of the geometric Poincaré-Birkhoff theorem (see, e.g., [14]) guar-
antees the existence of periodic solutions for all sufficiently small anisotropic
perturbations.

The remaining sections of this paper are organized as follows.

In Section 2 we establish the rigorous mathematical foundation of the gen-
eralized Clairaut reduction on an arbitrary surface of revolution, deriving the
precise nonlinear scalar differential equation and formulating a coordinate-
independent twist criterion based on higher-order derivatives of the structural
profile.

Section 3 applies this machinery to an ellipsoid of revolution, analyzing a
power-type force profile and investigating the stability regimes that emerge
when the angular momentum becomes asymptotically large. We then special-
ize these results to the round 2-sphere. Here, we pay special attention to the
anomalous Kepler case, showing that the local twist condition fails and reso-
nances may appear. We subsequently illustrate how this resonance case can
be successfully bypassed by engineering multi-power profile potentials.

Sections 4 and 5 expand our geometric catalog to unbounded manifolds,
providing an analytical comparison between the metric of the Euclidean hy-
perboloid and the intrinsic metric of the hyperbolic plane, followed by a com-
prehensive treatment of the paraboloid of revolution. Section 6 gathers several
elementary and singular surface profiles, highlighting the broad applicability
of the generalized Binet—Clairaut approach across different topologies.

We conclude in Section 7 with some final remarks.

2 Meridional forces on a surface of revolution
Let . be a surface of revolution around the vertical z-axis parametrized by
M(z,¢) = (r(z)cosg,r(z)sinp, z(z)), ¢ €S,

where x is a parameter belonging to some open interval J C R. We assume
the functions r, z : J — R to be sufficiently smooth, say C*, and that r(x) > 0
for every x € J, since geometrically it represents the distance to the axis of
revolution. The induced metric has the form

ds® = q(x)? dz® + r(x)* dy?, (1)

and we assume that

q(z) == \/1re(x)2 + 2,(x)2 >0, for every z € J,
so that M is a regular parametrization.
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In the sequel, subscript x denotes differentiation with respect to the chosen
meridian parameter x. The arclength derivative along a meridian is

1
0s = M&C. (2)
We consider a force field tangent to the meridians,
F=—-A(z,p)e,,
where e, is the unit tangent vector in the direction of increasing x. Thus A is

the signed magnitude of the force in the meridian direction.

Consider a unit-mass particle moving on the surface along a curve (t).
Then, by Newton’s second law, the equation of motion is

Viy =F,

where “dot” denotes the time derivative. To find the correct expression of the
covariant acceleration Vs, we have to compute the Christoffel symbols with
the classical formula

1
Top = 59" (9098 + Osgav — Dugas), (3)

where gop are the components of the metric tensor, g"” corresponds to the
inverse metric tensor, and Einstein summation convention is used over the
index v. For the metric (1), we have

Gz = Q(x)27 Gpp = 7“($)2, Jzp = 0.

Using (3), the non-zero Christoffel symbols are

R BV o
Foe = agap U Ty
Mg, =Tg = 0,6 = 2,

e 2r(x)?

Writing the trajectory of the particle as v(t) = (z(t), p(t)), the velocity
components are

vt =1(t), v =@(t).

Then, the covariant acceleration components are

at = = 44+ Th v 0°




where again Einstein convention is used. More explicitly,

. .9 . .9
a* =i+ Ig, 27+ 200, 20+ T, ¢

©
— x + qx(x) jj2 _ T(SE‘)TIS’L‘) @2’
q(z) q(z)
a? = o+ 2F£so TP
. rL{T) ..
=p+2 (z) TP.

r(z)

In conclusion, the equations of motion of a particle of unit mass under the
action of a meridional force field on the surface of revolution .#Z are given by

i qm<$)¢2 _ r()re(T) .o _ _A(:(:,go)
P T e T T g 0
T:()

©+2

ip=0.

r(x)
The second equation gives conservation of the angular momentum
L:=r(z)*p. (5)

We will now adapt the classical Clairaut transformation to our setting. Let
(x, %) be a solution of (4) with angular momentum L. We assume from now
on that L > 0, so that ¢ can be used as the independent variable: we have

pt)=p < t=t(yp).

Let us choose U : J — R such that

Then U is defined up to an arbitrary additive constant, it is strictly decreasing
and hence invertible. We introduce the function

u(p) == Ulz(t(p))) (6)
Denoting differentiation with respect to ¢ by a prime, by (5) we have

;o ql)i

Differentiating once more with respect to ¢ and using (4) and (5), we obtain

p___re(w) | r(@)?

g(x)r(z)  L?

£
|

|
+

Az, ¢).



We set . ()
n(x) := @Gsr(x) = 2@

The quantity —n(z) is the signed geodesic curvature of the parallel x =
constant. Writing X = U~!, we obtain the generalized Binet-Clairaut equation

u' +n(X(u) = ——F7—AX(u),¢). (7)

Notice that, even if the above change of variable (6) depends on the arbi-
trary constant defining U, the dynamics on the surface is not affected by this
constant.

Remark 1. Recalling (1) and (2), the Gaussian curvature is

B _L 20 () — 1 Tz(x)
K(x) = 7,(@65 (2) r(z)q(x) (q(m) )z

As usual, n satisfies the Riccati identity
dsn(x) +n(x)® + K(x) = 0, (8)

or equivalently

ﬁmm T n(a)? + K(z) = 0.

Assume that the Gaussian curvature is constant, say k = K. Then, multiplying
the identity 0%*r + Kr = 0 by 20,r, we deduce that

(0s7)* + Kr* = h,

for some constant h € R. This equality, together with the definition of n
and (8), leads to

h
65 - _T_2 .
Since also .
ast = _ﬁ )
we get
n= h‘U + Mo

for some constant ng. If h # 0, after a switable choice of the additive con-
stant in U, one has n = hU. In the standard geodesic polar normalization
of the constant-curvature models, one has h = 1, therefore n(X(u)) = u, and
equation (7) becomes



2.1 Anisotropic perturbations and period annuli

From now on we consider a small anisotropic perturbation of an autonomous
meridional profile, i.e.,

Az, ) = a(x)(1+eb(y)) ,

where a : J — R is of class C?, b: R — R is continuous and 27-periodic, and
¢ is a small real parameter. We define the function gr : J — R by

_n) re?
w = ey~ 2

and introduce the differential operator

_ r@)?d
b= q(x) dx (9)
We define also
Kp(z) = 5[D%gr(x)]* = 3Dgp(x) D*gr (), (10)

which will be called twist coefficient.

Here is our general result.
Theorem 2. Let us fix g € J and Lo > 0, and assume that
gLo(xO) =0, DgLo ('TO) >0, KLO (:L‘O) 7é 0. (11)

Then, for every § > 0 and for every positive integer n, there exists € > 0
such that, if || < &, there are at least n periodic motions on A with angular
momentum Lqg. These motions satisfy

rg— 0 <x(t) <xo+0, foreveryteR. (12)
Proof. Fix 6 >0, n € N\ {0}, and define
gu(u) = gr(X(u)).

It is easy to see that differentiating g, corresponds to applying the operator
D to g, i.e.,

r.(w) = Dgr(X(u)),

—— 7 —a(X(u)b(e) - (13)



The unperturbed equation
"+ gr(u) =0

is equivalent to the autonomous Hamiltonian system
u =, v = —gr,(u). (14)

Define now _
Kr(u) = 5[g7 (u)]* — 3¢ (u)g7 (u)

Then, setting ug = U(zg), we have

Gro(uo) =0, Gy (ug) >0, Kry(ug) #0.

Hence, the point 2y = (ug,0) is a local center and, by the classical Lindstedt—
Poincaré expansion, as explained in |24, §7.3] (see also |15, Lemma 5]) the
period function is not constant near 2z, . Hence, shrinking the neighborhood if
necessary, we can choose two periodic orbits of (14), with minimal periods

@1<@2,

which bound a closed annulus A contained in U(Jzg — §,xz¢ + 0[) X R.
Choose n distinct rational numbers m;/n; such that

271'@6]@1,@2[, ]:1,,n
1

By [14, Theorem 2.7|, for || sufficiently small, the perturbed equation (13)
has, for each j, a 2mm; -periodic solution u; whose orbit in the phase plane
remains in A, performing n; rotations around the equilibrium in the period
time [0, 27rm;].

It remains only to lift these solutions to motions on the surface. For each
solution u;(¢) we can solve the differential equation

dt (X (u;(9)))*

dp Ly ’
and find a solution ¢;(¢). This function is invertible, and we define its inverse
p;(t) by

pit)=¢ & t=t;(p).

Finally, we set

() = X (u;(;(t))) -
Since u; is a solution of equation (7) with L = Ly, the pair (x;, ;) is a solution
of system (4), with angular momentum Ly. Moreover, being u; periodic with
period 2mm,;, one has

ti(p + 2mmy) = t;(p) + T},
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where

21 (X (uy(s)))?
T; = /0 L—o ds.

Then,

it +T5) = @;(t) +2mmy,  (t+T)) = x;(t),
meaning that the corresponding trajectory on the surface is Tj-periodic and it
performs m; rotations around the axis of revolution in its period time [0, Tj].

Since the annulus A was chosen in U(]zg — d, 20 + d[) x R, we have that (12)
holds. The proof is thus complete. ]

Remark 3. The statement is local. We work on an interval where r > 0, and
therefore avoid singular parallels such as points on the axis of revolution. Note
that, geometrically speaking, xo verifying (11) corresponds to a circular orbit.
Thus, we obtain solutions near this parallel.

We will now illustrate several examples where our theorem applies. First of
all we want to consider the most classical surfaces of revolution, i.e., ellipsoids,
hyperboloids and paraboloids.

3 The ellipsoid

We consider the ellipsoid of revolution
2
z
1:2 + yQ + _2 -1 ’
c
with equatorial radius equal to 1 and polar semi-axis ¢ > 0, parametrized by

T

M (0, ) = (cosfcosp, cosfsinp, csinf) , 6 e]—? 5

[, o €S
Adapting the notation in Section 2, we have
r(f) = cosb, L=cos’0¢,

and the induced metric is

ds* = q(0)* do* + cos® 0 d?, q(0) = V/sin? 0 + 2 cos? 6.

We take
a(f) = pcos* 0, >0,

and consider the anisotropic perturbation

A0, ¢) = a(0)(1 + eb(y)),

where b : R — R is continuous and 27-periodic.

9



In the present notation,

__19(9) r(6)? _ tan®  cos®0
gL(9> - q(@)r(ﬁ) - 12 G( ) = _W — TG(Q),

and the differential operator introduced in (9) becomes

cos?f d
p-_7e 1
ORL (15)

However, in order to simplify the computations, it is convenient to introduce
the auxiliary variable
o= —tanf.

r(0) = R(0) = ﬁ o 4(0) =Q(0) = % :

Moreover, since

Then

do 1
dd — cos28’
formula (15) gives
1 d
D= £
Qo) do

In the new variable o,

gr(0) = Gi(o) = % - %(1 +o2) 5

We will apply Theorem 2 with these new notations.
Let 6y €] — 7/2,7/2[ and set
09 = —tanb,.
The equilibrium condition is G1(0p) = 0, namely

12 = Uﬂo o2+ 2 (1 +02)~F, (16)
or, in terms of 6,
72— 1a(o) cos™ ™ Oy
sin 90 .

Thus necessarily oy > 0, equivalently
T
—= <t <O0.
5 0

10



At such an equilibrium, a direct computation gives

3+ a)os + (4 + a)c?od + 2

DG(o0) = (2 +0})?

Hence the equilibrium is a local center provided
L(0g) = (3+ a)og + (4 + a)cPog +* > 0.
Moreover, define
B(o) := (a+2)(a + 3)a® + ¢*(2a* + 9a + 10)0*
+ <a202 +4ac® — a + 2)02 + A (—ac — 6c* + 4),
and
E(0) = — (a+2)(a+3)(a+4)0' — 3 (a + 2)*(a + 4)0®
+ e (—02(3a3 + 2102 + 460 + 12) + 32 + 22a + 12) o°
+ e (—04(a3 +6a2 + 120+ 16) + c2(6a2 + 36a + 100) + 4a — 36) o
b (04(3a2 4 l4a+4) + A(da + 44) — 24>a2 LAl - P, (18)
Then the twist coefficient computed at the above equilibrium, is

KL(O'()) .= 5[D2GL(0'0)}2 - 3DGL(O'())D3GL(O'0)
_ 502B(00)* + 3L(00) E(0y)

@+ o) (1 +03) 19
We thus have the following.
Corollary 4. Let 0y €| —7/2,0[, Lo > 0, and set
09 = —tanfy.

Assume that

L= aﬂo o+ (1+ 03)70‘53. (20)
Assume moreover that L(oo) > 0 and

502 B(00)* 4+ 3L(00)E(0y) # 0. (21)

Then, for every 0 > 0 and for every positive integer n, there exists € > 0 such
that, if |e| < &, there are at least n periodic motions on the ellipsoid, with
angular momentum Lg, satisfying

Op—d<0(t)<by+3d, foreveryteR.

11



Proof. By (16), condition (20) is precisely the equilibrium condition G, (o) =
0. Moreover, (17) shows that DG, (o) > 0 is equivalent to L(oy) > 0, while
(19) and (21) are exactly the nonvanishing twist condition in Theorem 2. The
conclusion follows from that result. []

Example 5. Choose ¢ = /3, u = 1 and 6, = —7/4, so that o9 = 1 and
Lo = 27 (@+D/4  With these choices, some computations lead to

L(1) =4a + 18,

and

1
[8a* + 32a° — 22a% — 18a + 405] .

Ky (1) = 5

It can be seen that

71)2 289

K, (1 8(a2+2a—5)2+26<a+2—6 +%] >0, forevery a € R,

) =50
hence Corollary 4 applies for every o > —9/2, since in this case L£(1) > 0.

We now consider the circular solutions corresponding to large values of the
angular momentum.

Corollary 6. Assume that ¢ # 1 and o > —3. Then there exists L, > 0
such that, for every Ly > L, every 6 > 0, and every positive integer n, there
exists £ > 0 such that, if |e| < &, there are at least n periodic motions on the
ellipsoid, with angular momentum Ly, satisfying

-5 <0(t) <0, foreveryteR.

Proof. 1f Ly — o0, then by (20), with a > —3, one must have oy — 0. At
oo = 0 we have
L£(0)=c*>0,

and, using (18),

505B(00)* + 3L(00)E(0)] 0= 12¢%(1 — ) # 0.

op=
The conclusion follows by continuity and by Corollary 4. m
The round case ¢ = 1 is discussed in the next subsection.

Remark 7. For the lower half of the ellipsoid of revolution we could consider
the alternative parametrization

M(p,g&):<pCOSgp,pSingp, —C 1_p2>7 pE]O,l[, QDESI'

The computations can be carried out similarly, leading to the same results. We
avoid the details, for briefness.

12



3.1 The sphere

The sphere 22 + y? + 22 = 1 is obtained from the ellipsoid by taking ¢ = 1.
The twist coefficient is

203 (o + 2)

Rl =gy

Pa(ag) ,
where
P,(0) = (a—1)(a+3)%*0* — 2(a — 1)(a + 3)o + Ta + 23
We then have the following.

Corollary 8. Let 6y €] —n/2,0[, Lo > 0, and set op = — tanfy. Assume that

=La+od),
o))

and
1+ (3+a)og >0, o # =2, P,(02) #0.

Then the same conclusion of Corollary 4 holds for the sphere.
We now consider solutions with large angular momentum.

Corollary 9. Assume that o € [=3,+00[\{—2}. Then the same conclusion
of Corollary 6 holds for the sphere.

Proof. Since o« > —3, when Ly — +o0o0 we must have that o9 — 0. Then,
since P,(0) = Ta+ 23 > 2, the conclusion follows by continuity, using Corol-
lary 8. [

Remark 10. In the case of the sphere, the Clairaut variable u defined in (6)
coincides with the variable o introduced above, and the Binet-Clairaut equa-
tion (7) becomes

A(— arctanu, @)

I2(1 1 w2

"
uw +u=

(22)
Remark 11. The spherical pendulum corresponds to o = 1. In this case, for

every L > 0 there is a unique equilibrium ug > 0, and

1+ 4ud
1+ ud

180u?
(1+ud)t

g1, (uo) = >0, K (ug) = > 0.

There is an important difference between the Euclidean plane and the sphere:
in the plane, the linear force a = 1 may be resonant as well (see [15]), while

this possibility is excluded in the sphere.

13



Remark 12. The study of forced oscillations of the spherical pendulum has
been developed by Furi and Pera [16, 17, 18, 19/, and later extended by Bene-
vieri, Calamai, Furi and Pera [6] to retarded functional motion equations on
spheres. Their approach is topological: it relies on continuation principles,
fixed point index and winding number arquments, and yields global existence
results for forced oscillations under rather general assumptions. The point
of view adopted here is different. We restrict ourselves to meridional forces,
possibly anisotropic in the angular variable, but with no azimuthal component.
Thus, the two approaches are complementary.

3.2 The Kepler case a = —2

The case a« = —2, corresponding to a gravitational-like force, is special be-
cause the corresponding Binet—Clairaut equation is linear and resonances may
appear, just as it happens in the Euclidean plane [15]. Then (22) reads as

which can be seen as the equation of a periodically forced harmonic oscillator.
Although the local twist condition fails identically, the problem is integrable
by quadratures even for a non-perturbative anisotropy, just as in the Euclidean
plane. This is a common feature of all the surfaces of revolution with constant
curvature.

The Kepler resonance can be avoided by adding a second power-law term
to the autonomous profile. Take

a(f) = v cos %0 + vy cos™ 0,
with 79 # 0 and a # —2 and consider
A0, ¢) = a(0)(1 + eb(e)) -
The unperturbed equation is u” 4+ gr,(u) = 0, where
a+2

T2 _at2
gr(u) Zu—ﬁ—ﬁ(l‘Hﬁ) 2.

For oo #£ —2, the twist coefficient is no longer identically zero as a function of

the parameters.

Example 13. Let

3 1
a(@)zzcosﬂe—écos"l@, L=1.
Here the second exponent is « = —4. Then
3 1 1 5
gL(U)ZU—Z—i—g(l—Hf) :§u2—|—u—§,
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The point ug = 1/2 is an equilibrium, and

(=250 w(D)=Z e
4 The hyperboloid

In this section we first deal with the two-sheeted hyperboloid, comparing two
different geometries: the first one uses the Euclidean metric of R3, while the
second one, the hyperbolic plane, is realized as a hyperboloid in Minkowski
space. Then we will also deal with the one-sheeted hyperboloid.

4.1 The two-sheeted Euclidean hyperboloid

Consider the upper sheet

22

—2—x2—y2:1, z2>0,
c

with ¢ > 0. We use the parametrization

M(/MO)Z(pcossmpsinso,cx/lerQ), p>0, peSh

The induced metric is

L+ (1+ )07

d2: 2d2 2d2 —
s*=q(p)*dp® +p°de®,  q(p) \/ 152

Thus, in the notation of Section 2, with p instead of x therein, we have

r(p)=p, L=p¢,

so that . )
p
gL\p) = ——= — 730P),
U0 =S~ V)
and the differential operator introduced in (9) becomes
__rd
q(p) dp-

For the power law
a(p) = pp®,  p>0,

and for the anisotropic perturbation

A(p,0) = a(p)(1+eb(p)),

15



where b : R — R is continuous and 27-periodic, we have

1 H o a2
9u(p) = —— — ="
(v) pa(p) L?

Circular solutions correspond to radii py > 0 satisfying gz (po) = 0, that is,

L* = upg™q(po) - (23)

At such an equilibrium, a direct computation gives

a+3  pod'(po)
q(po)*  q(po)?

1+ py
L+(@+e)ps 1+ 0+&)))”

Dgr(po) =

= (a+3)

We now investigate large angular momentum solutions. Set
B=vV1+c2.

Since ¢(p) — B as p — 400, the large-radius threshold exponent is oo = —3.

If « > —3, then L — 400 along the circular branch is equivalent to pg —
400, and

L? ) w3 a+3
pPo~\— ) Dgr(po) = —5— > 0.
(uﬁ (ko) B2
Thus large-radius circular solutions are local centers for all sufficiently large L.

Let
2
K1(po) :==5[D*gr(po)]” — 3Dgr(po) D*gr(po)
be the twist quantity appearing in Theorem 2. A direct expansion gives, if
a# =21,
20+ 2)(a—1)(a+3)? ,

KL<100> ~ 66 Po -
The two exceptional values also give nonzero limits, since
12¢2
K - - if @ =—-2
L(/OO) (1 + C2)4 oo )
and )
672c
K - - if a=1.
(po) 1+ @) i o

Hence, for every a > —3, the large angular momentum circular solutions are
non-isochronous centers for all sufficiently large L.
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If « = =3, then L? = puq(py), so large radius circular solutions occur only as
L? — puf. The center degenerates in the limit. If o < —3, then large angular
momentum corresponds to pg — 07 and Dgr(po) — o+ 3 < 0, so the circular
solutions are hyperbolic.

We thus get the following.

Corollary 14. Assume that o > —3. Then there exists L, > 0 such that, for
every Lo > L., every d > 0, and every positive integer n, if py is the solution
of (23) with L = Ly, there ezists € > 0 such that, if |e| < &, there are at least
n periodic motions on the hyperboloid, with angular momentum Ly, satisfying

po—0 <p(t)<po+d, foreveryteR.

Proof. For Ly sufficiently large, condition (23) defines a large-radius circular
solution pg = po(Ly). The estimates above show that Dgr,(po) > 0 and
Ki,(po) # 0. Hence all the hypotheses of Theorem 2 are satisfied, and the
conclusion follows. []

4.2 The hyperbolic plane

We now consider the hyperbolic plane in geodesic polar coordinates, namely
ds* = do® + sinh? p dy?, 0>0.

Adapting the notation, we have

r(o) =sinho,  q(o) =1,
hence o) ( )2 -
r'(o r(o sinh” o
(o) = o) ?G(Q) = coth o — 72 a(o),

and the differential operator (9) is

d
D = —sinh? p— .

do
We take
a(p) = psinh® g, w>0.
It is convenient to use the new variable
u = coth g, u>1.
Then, using the identity
1
sinh? p = ,
e u2 —1

17



we obtain

and hence,

Let oo > 0 and set
ug = coth og.

The equilibrium condition is

Ug
Equivalently, in terms of g,
sinh®™ g,
2=y, = 24
K cosh gg (24)
At such an equilibrium,
3ui —1

DG (ug) = M' (25)

ud —1

Thus the circular solution is a local center provided that
(a+3)ud —1>0.

A direct computation gives the twist coefficient defined in (10) as

Ky(uw) = 750 Palad),

where

P.(y) = (o — 1)(a+3)%y* + 2(a — 1)(a + 3)y + Ta + 23.
From Theorem 2 we now obtain the following.

Corollary 15. Let o9 > 0, Ly > 0, and set ug = coth gy. Assume that

and _
(a+3)ui —1>0, a# =2, P,(u3) #0.

Then, for every 6 > 0 and for every positive integer n, there exists € > 0 such
that, if |e| < &, there are at least n periodic motions on the hyperbolic plane,
with angular momentum Lg, satisfying

00— 0<o(t)<oo+9, foreveryteR.
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Remark 16. The Kepler-type case is again o = —2, and the corresponding
Binet-Clairaut equation (7) becomes

Notice that, in this case, the local twist condition vanishes identically.

Let us now consider the large angular momentum regime. We have the
following.

Corollary 17. Assume that o > —2. Then there exists L, > 0 such that, for
every Ly > Ly, every 6 > 0, and every positive integer n, if oo is the solution
of (24) with L = Ly, there exists € > 0 such that, if || < &, there are at
least n periodic motions on the hyperbolic plane, with angular momentum Ly,
satisfying

00— 0<p(t)<oy+0, foreverytecR.

Proof. Since a > —2, from (24) we have that uy = coth g9 — 17 as Ly — +oc.
From (25), the center condition holds for all sufficiently large Ly. Moreover,

Pa(l) = (a+ 1)(a+2)(a+4).

Hence P,(u2) # 0 for all sufficiently large Lo unless o = —1. In this case,

Pa(y)=-8y+2)(y—1),

which is nonzero for every y > 1. Thus the twist condition also holds for
all sufficiently large Lo whenever o« > —2. The conclusion now follows from
Theorem 2. O

Let us comment on the difference between the thresholds o > —3 for the
Euclidean hyperboloid and o > —2 found here. Circular motions are selected
by the balance

?,,2

n= ﬁ a,
where, up to sign, n = (9s7)/r is the geodesic curvature of the parallel. Equiv-
alently,

T2

L?=—.
n

Roughly speaking, the Euclidean two-sheeted hyperboloid is asymptotic to a
cone. Indeed r(p) = p and ¢(p) — V1 + 2, so that

()_ 1 N 1
e ~ pa(p) Vi+eZp




Thus the geodesic curvature of large parallels tends to zero, as in an asymp-
totically flat end. For the power law a(p) = pp® this gives

2
LZ:%NﬂvlJrCzp‘”g-

Hence large angular momentum along large parallels requires a > —3. By
contrast, in the hyperbolic plane one has r(9) = sinh p and

n(o) = cothp — 1.

Large geodesic circles in the hyperbolic plane therefore do not become asymp-
totically flat: their geodesic curvature tends to a positive constant. Conse-
quently, if a(9) = psinh® p, then

r’a

L2 — T ~ [ sinha+2 o~ MRa+2, R = sinhg — 400

The missing power of the radius comes precisely from the fact that the geodesic

curvature of hyperbolic circles tends to 1, whereas on the Euclidean hyper-
boloid it decays like 1/r.

4.3 The one-sheeted hyperboloid

We now consider the one-sheeted hyperboloid of revolution

2
z

:702—|—y2——2:1,
c

with ¢ > 0, endowed with the Euclidean induced metric. On the upper half of
the surface we use the parametrization

M(p, ) = (pcow, psing, c\/p? — 1) , p>1, peSh

The lower half gives the same local equations. The induced metric is

1+ c2)p? — 1
ds® = q(p)* dp* + p* de®,  q(p) = \/% :
We have . )
p
g1(p) = —— — —alp),
and (9) becomes
2
p__r 4
q(p) dp



For the power law
a(p) = pp®,  p>0,

we have ]
M a+2
gr(p) = —— = 5"
pa(p)  L?
Circular solutions correspond to radii pg > 1 satisfying
L? = ppyq(po) - (26)

At such a circular solution, a direct computation gives

a+3  pod(po)

2 + 3
a(po)* ~ q(po)

p—-1 <y
(1+c*)pg—1 (1+e)pt — 1)2

Dgr(po) =

= (a+3)

Let us now study the circular solutions with large angular momentum. We
have that following.

Corollary 18. Assume that o > —3. Then there exists L, > 0 such that, for
every Lo > L., every 6 > 0, and every positive integer n, if py is the larger
solution of (26) with L = Ly, there exists € > 0 such that, if |e| < &, there are
at least n periodic motions on the hyperboloid, with angular momentum Ly,
satisfying

po—0 <p(t)<po+6, foreverytecR.

Proof. Let us set

5:@.

Let po be the larger solution of (26). Since o > —3, we have that py — +00

as L — +oo. More precisely,
()"
Po~ | —% )
pnp

a+3
Dgr(po) — 7 0.
Thus large-radius circular solutions are local centers for all sufficiently large L.
For the twist coefficient, if v £ —2, 1, we have

2(a+2)(a—1)(a+ 3)2p2
36 0

The two exceptional values also give nonzero limits:

and

Kr(po) ~

12¢2

m ifOé:—2,

Ki(po) —
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and )
672c
K - — ifa=1.
L(pO) (1+02)4 o
Consequently, for every a > —3, the large-radius branch consists of non-
isochronous centers for all sufficiently large L. Therefore Theorem 2 applies

allowing us to conclude the proof. O]

If a« = —3, then L? = uq(py), hence large radius circular solutions occur
only as L? — puf3, not as L — +oo. If @ < —3, then large radius corresponds
to L — 07. Notice also that the metric is singular at the waist p = 1, where
q(p) — —+oo. This gives another large angular momentum regime near the
waist, but we have not considered it, for briefness.

5 The paraboloid

Consider the paraboloid
1

O R
where p > 0 (here p/2 is the focal length of the generating parabola). We use
the parametrization

2

M(p,w)z(pcosso,psin% §_p>’ p>0, peSh

The induced metric is

2
ds® = q(p)® dp* + p*de®,  qlp) = /1+ ]% :
Hence, we have
1 0>
= — — —1 y
9.(p) o) I (p)
and (9) becomes
D= _rd
q(p) dp

We consider the power law

a(p) = pp*, >0,

so that



The equilibrium condition is

L = pupg™q(po) (27)

and a direct computation gives
P*((a+3)p* + (a + 4)p5)
(p* + p3)? '

Hence the equilibrium is a local center whenever

Dgr(po) =

(a+3)p* + (a+4)p5 > 0.

Let us now study the circular solutions having large angular momentum.
For simplicity, we restrict our analysis to the case a > —3. Then, there is a
unique branch of equilibria satisfying (27). Along this branch

pL?\ 7
Po ~ <_> )
1

*(a+4
Dgr(po) ~ ]% > 0.
0

and, by (28),

For the twist coefficient, we have

208 (o +4)%(a® = 3a—6)  2p¥(a +4)(6 — a)(3a? + 19« + 22)
~ 1 + 6 :
Po Po
If the leading coefficient vanishes, then
~ 3++V33
-—

and in both cases the next coefficient is nonzero.

Kr(po)

(%

We then have the following.

Corollary 19. Assume that o > —3. Then there exists L, > 0 such that, for
every Ly > Ly, every 0 > 0, and every positive integer n, if po is the solution
of (27) with L = Ly, there exists € > 0 such that, if |e| < &, there are at least
n pertodic motions on the paraboloid, with angular momentum Lg, satisfying

po—0 < p(t) <po+6, foreverytecR.

6 Some further examples

We close with a few elementary surfaces of revolution for which the reduction
is explicit and our main theorem applies. For brevity, we will not enter into
the details.
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6.1 The cone

For the circular cone
z=c\/2?+ 2,
where ¢ > 0, we have the parametrization

M(p,) = (pcosp, psing, cp), p>0, ¢eSh

The Binet—Clairaut equation (7) is

- 1 _1+02A(\/1+02,¢>.

u g
1+ ¢2 L2u?

u

Notice that for ¢ = 0 we recover the classical Binet—Clairaut equation for the
Euclidean plane studied in [15]. For any ¢ > 0, the left-hand side is non-
resonant, rendering a comparatively simpler study. We can apply for instance
the main result of [12] for a large family of force fields.

6.2 The catenoid

For the catenoid .
2+ y2 = ¢? cosh? (—) ,
c
we have the parametrization

M(r,gp):(\/02+7“2cosg0,\/02+rzsingo,carsinhi>, r>0 ¢eSh
c

The Binet—Clairaut equation (7) is

W = Sin(cu)ccoS(CU) + ¢ SGZZ(CU)A(—C tan(cu), ¢) .

6.3 The torus

Let R > ¢ > 0, and consider the torus

(Va2 +y2 — R+ 2* =2

Its lower half can be parametrized by

M(p,s@)z(pcosso,psinw,— 62—(p—R)2), pE€]R—c,R+c, ¢eS.

The induced metric is

ds® = q(p)* dp* + p* dg?, = :
q(p)”dp” + p” de q(p) R
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The Clairaut variable is defined by

U'(p) = _alp) _ c

¢ E— (R
If X = U™, then the Binet-Clairaut equation (7) reads as

. VEXW - RP | X
cX (u) L?

7 Conclusions

In this paper, we have established a systematic reduction of the dynamics of
a particle constrained to a surface of revolution under meridional forces to a
scalar Binet—Clairaut equation. Conservation of angular momentum allows the
longitude to be used as the independent variable. In the autonomous (merid-
ional) case the reduced equation is a planar Hamiltonian system whose circular
motions correspond to equilibria. By computing an explicit twist coefficient for
the local period function, we obtain arbitrarily many periodic motions under
sufficiently small anisotropic perturbations by applying a Poincaré—Birkhoff
argument.

We emphasize how our method highlights the coupling between geometry
and dynamics, making in some sense the influence of curvature on dynamics
explicit and computable. One of the main advantages of our approach is that it
represents a unified framework. The same reduction and twist analysis applies
across a wide class of classical surfaces. More concretely, our investigation into
specific surfaces yielded several distinct properties, which we try to summarize
as follows:

e On compact manifolds like ellipsoids of revolution and the round 2-
sphere, large-momentum regimes (L — o00) universally guarantee the
fulfillment of the twist condition provided the force profile exponent sat-
isfies a > =3, a # —2.

e The classical Keplerian exponent o« = —2 acts as a structural anomaly
on constant-curvature surfaces. On the sphere, the generalized Clairaut
transformation converts the unperturbed system into an isochronous os-
cillator. This causes the local twist condition to fail identically. However,
we demonstrated that this degeneracy can be successfully bypassed by
engineering multi-power laws (e.g., combinations of « = —2 and o = —4).

e On unbounded manifolds, the choice of the metric drastically alters the
dynamics. This was illustrated by contrasting the Euclidean two-sheeted
hyperboloid with the intrinsic metric of the hyperbolic plane, as well as
our analysis of the paraboloid of revolution.
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We also tried to highlight the applicability of the generalized Binet—Clairaut
framework in Section 6 considering several other surface profiles. We always
obtain a suitable periodically forced second order equation where our favourite
theorems in Nonlinear Analysis and Dynamical Systems can be tested. The
main limitation of our approach, based on the Poincaré-Birkhoff Theorem,
is its local character: it guarantees many periodic orbits near a chosen local
center but does not provide global continuation or a complete phase portrait
away from the annulus.

It would be interesting in the future, at least for concrete examples, to com-
bine the local twist criterion with global continuation and topological methods
(e.g., degree theory, global bifurcation techniques) to trace families of periodic
orbits beyond the local annulus and detect global bifurcations. Moreover, bi-

furcation from non-circular solutions could also be studied, following the ideas
in [15].
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