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Abstract. We provide a generalization of the Poincaré –Birkhoff theorem
in the framework of Hamiltonian systems when the Hamiltonian can be writ-
ten as the sum of two functions, the first of which is controlled quadratically,
while the second one satisfies some twist assumption. A suitable nonres-
onance condition then allows us to prove a general multiplicity result for
periodic solutions. The proof is variational, and hinges on a new critical
point theorem, proven in the first part of the paper.

1. Introduction

The Poincaré –Birkhoff planar fixed point theorem was first conjectured by
Poincaré in [33] and then proved by Birkhoff in [4, 5] (see, e.g., [14] for an up-
dated historical survey). Both Poincaré and Birkhoff had in mind applications
of their theorem to the study of periodic solutions of Hamiltonian systems.

With similar motivations but from a completely different perspective, the
pioneering paper by Lusternik and Schnirelmann [30] has been the starting
point in the study of the multiplicity of critical points for functionals defined
on finite dimensional compact manifolds.

It was probably Arnold [3] who first realized the link between the Poincaré –
Birkhoff theorem and the Lusternik–Schnirelmann theory. He also conjectured
some possible higher dimensional extensions of the original planar theorem,
after proving some partial results in this direction.

Taking inspiration from Palais and Smale [32], the Lusternik–Schnirelmann
theory was first extended to infinite dimensions by Schwarz [37], in view of
possible applications to the study of boundary value problems associated with
ordinary and partial differential equations. Later on, in [34] Rabinowitz opened
the way to the use of variational methods for the search of periodic solutions
of Hamiltonian systems. In [8], by a variational method, Conley and Zehnder
established a kind of extension of the Poincaré –Birkhoff theorem to a higher
dimensional setting, while considering the Poincaré map of a Hamiltonian sys-
tem. Their result has been generalized in many ways by several authors, see,
e.g., [6, 12, 18, 26, 27, 29, 35, 38], using some extensions of the Lusternik–
Schnirelmann theory to infinite dimensions.
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A genuine generalization of the Poincaré –Birkhoff theorem in higher di-
mensions for Hamiltonian flows was provided by the first author and Ureña
in [23, 24, 25], and later further extended jointly with Gidoni in [15, 16]. (See
also [7].) Their proofs rely on variational methods, and in particular on the
critical point theorems provided in [29, 38]. These results found several appli-
cations (see [14] for a review).

It is the aim of this paper to further extend these theorems, so to obtain
a very general multiplicity result for the periodic problem associated with
Hamiltonian systems in any finite dimension. Our Hamiltonian can be written
as the sum of two functions, the first of which is controlled quadratically, while
the second one satisfies some twist assumption. In order to avoid resonance we
introduce an assumption that can be traced back to a paper of Lazer [28] on
conservative systems and to the further developments in [1, 2, 9, 19] regarding
some equations in Hilbert spaces. Hence, from a different point of view, our
main theorem can also be seen as an extension of these results in the framework
of Hamiltonian systems on manifolds with a nontrivial topology, leading to the
multiplicity of periodic solutions.

In order to prove our main result, we first need to develop an abstract
multiplicity theorem for the critical points of some functionals whose domain
X is the product of a separable Hilbert space H and a finite dimensional
compact manifold V . We believe that this result has an independent interest,
being a further contribution in extending the Lusternik–Schnirelmann theory
to an infinite dimensional setting.

The paper is organized as follows.

In Section 2 we state our abstract critical point theorem for a functional
φ : X → R of the type

φ(x, v) = 1
2
⟨Lx, x⟩ − η(x) + ψ(x, v) ,

where L is a bounded selfadjoint operator on H, η : H → R satisfies some
nonresonance conditions with respect to the spectrum of L, while ψ : X → R
has a compact gradient with a bounded image. Its proof, which relies on a
generalized saddle point theorem as stated in [26] (see also [29]), is provided
in Section 3. The novelty here lies on the one hand in the introduction of the
function η(x), which was not considered in [26, 29, 38], and on the other hand
in the term ψ(x, v) which did not appear in [2, 9, 19].

In Section 4 we state a first version of our generalized Poincaré –Birkhoff
theorem in which, for the reader’s convenience, we adopt a very simple twist
condition. Its proof is provided in Section 5 by the use of the critical point
theorem stated in Section 2.

In Section 6 we review some variants of the twist condition which can be
exploited in order to obtain the multiplicity of periodic solutions. Finally,
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in Section 7 we state and prove our most general extension of the Poincaré –
Birkhoff theorem, under a twist assumption also known as the avoiding cones
condition, which has been introduced in [15].

2. Multiple critical points

Let H be a separable real Hilbert space. We are working on a manifold of the
typeX = H×V , where V is a finite dimensional compact Riemannian manifold
of class C2 without boundary. We denote by T X its tangent bundle. Let Ls(H)
denote the set of bounded selfadjoint operators in H. We consider an operator
L ∈ Ls(H), a C1-function η : H → R with gradient ∇η = N : H → H
and a C1-function ψ : X → R. We look for critical points of the functional
φ : X → R defined as

φ(x, v) = 1
2
⟨Lx, x⟩ − η(x) + ψ(x, v) .

Here is our result.

Theorem 1. For some A,B ∈ Ls(H), with A ≤ B, let the following assump-
tions hold true:

(i) L− (1− ν)A− νB has a continuous inverse, for every ν ∈ [0, 1];
(ii) N − A and B −N are monotone;
(iii) ∇ψ maps bounded subsets of X into relatively compact subsets of T X;
(iv) the image of ∇ψ is bounded.

Then φ has at least cuplength(V) + 1 critical points.

Remarks. 1. If V = TM , the M -dimensional torus, then it is well known
that cuplength(TM) + 1 coincides with cat(TM), the Lusternik–Schnirelmann
category, which in this case is equal to M + 1.
2. In [19] it was proved that conditions (i) and (ii) imply the existence and
uniqueness of a solution of Lx = Nx. This is the case when ψ = 0.
3. The case η = 0 was settled in [29, 38], generalizing similar results in [6, 18].

The proof of Theorem 1 is based on [26, Theorem 6.3] which, for the reader’s
convenience, we now recall in a slightly less general version than the original
one.

Let X = E × V , where E is a Banach space and V is a complete connected
Finsler manifold of class C2, and consider a C1-functional f : X → R. Let W
and Z be closed subspaces of E, with E = W ⊕ Z. Moreover, let (Wn)n be a
sequence of finite dimensional subspaces of W , set Xn = (Wn ⊕ Z) × V and
define fn = f|Xn

: Xn → R.

In this setting, given c ∈ R, we say that the functional f : X → R satisfies
the (PS)∗c condition if every sequence (ξn)n in X such that ξn ∈ Xn, f(ξn) → c
and dfn(ξn) → 0 has a subsequence which converges to a critical point of f .

Theorem 2. Assume there exist r > 0 and α < β ≤ γ such that
(a) f(z, v) ≥ β for every (z, v) ∈ Z × V;
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(b) f(w, v) ≤ α for every (w, v) ∈ W × V such that ∥w∥ = r;
(c) f(w, v) ≤ γ for every (w, v) ∈ W × V such that ∥w∥ ≤ r;
(d) f satisfies the (PS)∗c condition for every c ∈ [β, γ].

Then f−1([β, γ]) contains at least cuplength(V) + 1 critical points of f .

3. Proof of Theorem 1

The proof will be divided in four steps.

Step 1. We can assume η(0) = 0 by simply adding a constant to η. Moreover,
we may assume without loss of generality that N(0) = 0, by accordingly
redefining ψ. Following the lines in [11, 19] (see also [13, Sec. 3.6]), we can
slightly modify A and B so to have that S = 1

2
(B−A) is invertible and hence

to define
L̃ = S−1/2

(
L− 1

2
(A+B)

)
S−1/2,

η̃(u) = η(S−1/2u)− 1
2
⟨S−1/2(A+B)S−1/2u, u⟩ ,

and
ψ̃(u, v) = ψ(S−1/2u, v) .

Notice that
∇η̃ = S−1/2

(
N − 1

2
(A+B)

)
S−1/2 := Ñ .

Finally, we define φ̃ : H × V → R as

φ̃(u, v) = 1
2
⟨L̃u, u⟩ − η̃(u) + ψ̃(u, v) .

It is easy to see that the critical points of φ and φ̃ are in one-to-one correspon-
dence. More precisely, (x, v) is a critical point of φ if and only if (S1/2x, v) is
a critical point of φ̃. Notice that (i)− (iv) imply the following:

(i)′ σ(L̃) ∩ [−1, 1] = ∅ ;
(ii)′ Ñ − I and I − Ñ are monotone,
(iii)′ ∇ψ̃ maps bounded subsets of X into relatively compact subsets of T X;
(iv)′ the image of ∇ψ̃ is bounded.

We will repeatedly use this change of variables in the paper.

Step 2. We first notice that, since the spectrum of L̃ is a closed set which does
not intersect the interval [−1, 1], there exists δ > 0 such that σ(L̃) ∩ [−1 −
δ, 1 + δ] = ∅. We consider the spectral resolution (Pλ) of L̃ and define the
projections

P− =

∫ −1−δ

−∞
dPλ , P+ =

∫ +∞

1+δ

dPλ .

Let

L̃− =

∫ −1−δ

−∞
λ dPλ , L̃+ =

∫ +∞

1+δ

λ dPλ ,

and set
K = L̃

−1/2
+ P+ + (−L̃−)

−1/2P− .
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Notice that K ∈ Ls(H) and ∥K∥ ≤ (1 + δ)−1/2. We now perform the change
of variable y = K−1u. Setting

L̂y = KL̃(Ky) , η̂(y) = η̃(Ky) , ψ̂(y, v) = ψ̃(Ky, v) ,

and
N̂y = ∇η̂(y) ,

we see that
L̂y = P+y − P−y and N̂y = KÑ(Ky) .

Then, by (ii)′, for every y, ŷ ∈ H we have

|⟨N̂y − N̂ ŷ, y − ŷ⟩| = |⟨KÑ(Ky)−KÑ(Kŷ), y − ŷ⟩|
= |⟨Ñ(Ky)− Ñ(Kŷ), Ky −Kŷ⟩|
≤ ∥Ky −Kŷ∥2

≤ ∥K∥2∥y − ŷ∥2

≤ (1 + δ)−1∥y − ŷ∥2,

We then deduce that N̂ is Lipschitz continuous with Lipschitz constant (1+δ)−1

(see, e.g., [13, Lemma 3.6.3]). Notice also that η̂(0) = 0, and N̂(0) = 0. Finally,
ψ̂ maintains the properties stated in (iii)′ and (iv)′.

We remark that (u, v) is a critical point of φ̃ if and only if (K−1u, v) is a
critical point of the functional φ̂ : X → R defined as

φ̂(y, v) = 1
2
(∥P+y∥2 − ∥P−y∥2)− η̂(y) + ψ̂(y, v) .

Notice that

∇yφ̂(y, v) = L̂y − N̂y +∇yψ̂(y, v) , (1)

∇vφ̂(y, v) = ∇vψ̂(y, v) .

Step 3. We are now looking for critical points of the functional φ̂. Let us first
verify the geometrical setting of Theorem 2. Taking E = H, W = P−(H),
and Z = P+(H), we fix an orthonormal basis (en)n≥1 of H and set Wn =
W ∩ sp(e1, . . . , en), Hn = Wn ⊕ Z, and Xn = Hn × V . We will also need the
orthogonal projection Pn : H → Hn.

Let us determine a constant β for which (a) holds. If z ∈ Z, using the
fact that N̂ is Lipschitz continuous with Lipschitz constant (1 + δ)−1, since
η̂(0) = 0, and N̂(0) = 0, we have that η̂(z) ≤ 1

2
(1+ δ)−1∥z∥2. Hence, since ∇ψ̂

has a bounded image, there is a constant d > 0 for which

φ̂(z, v) ≥ 1
2
∥z∥2 − 1

2
(1 + δ)−1∥z∥2 − d(∥z∥+ 1)

=
δ

2(1 + δ)
∥z∥2 − d(∥z∥+ 1) .
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This last expression has a minimum equal to some β < 0. Similarly, if w ∈ W ,
we have that

φ̂(w, v) ≤ − δ

2(1 + δ)
∥w∥2 + d(∥w∥+ 1) .

Taking, e.g., α = 2β and r > 0 large enough, we have that α < β and (b)
holds. Moreover, if ∥w∥ ≤ r, then φ̂(w, v) ≤ d(r + 1) := γ, so that (c) also
holds.

Step 4. Condition (PS)∗c for the functional φ̂ holds for every c ∈ [β, γ].

Indeed, let (ξn)n be a sequence in X satisfying ξn ∈ Xn, φ̂(ξn) → c and
dφ̂n(ξn) → 0 (recall the notation φ̂n = φ̂|Xn

: Xn → R). We write ξn = (yn, vn)
with yn ∈ Hn and vn ∈ V . Hence yn = wn + zn with wn ∈ Wn and zn ∈ Z. We
are assuming that

∇yφ̂n(yn, vn) = Pn∇yφ̂(yn, vn) → 0 . (2)

Notice that, by (1), since PnL̂ = L̂Pn and Pnyn = yn,

Pn∇yφ̂(yn, vn) = L̂yn − PnN̂yn + Pn∇yψ̂(yn, vn) . (3)

Since the image of ∇ψ̂ is bounded, there is a constant c̄ > 0 such that

∥Pn∇yφ̂(yn, vn)− Pn∇yψ̂(yn, vn))∥ ≤ c̄ .

Then, since L̂−1 = L̂, and ∥L̂∥ = 1, from (3) we deduce that

∥yn∥ = ∥L̂−1(PnN̂yn + Pn∇yφ̂(yn, vn)− Pn∇yψ̂(yn, vn))∥
≤ ∥L̂−1∥(∥PnN̂yn∥+ c̄) ≤ ∥N̂yn∥+ c̄ ≤ (1 + δ)−1∥yn∥+ c̄ ,

and we conclude that (yn)n is bounded.

Hence, using also the fact that V is compact, we can find a subsequence
of (ξn)n, not to be relabelled, such that yn ⇀ ȳ (weakly in H) and vn → v̄,
for some ȳ ∈ H and v̄ ∈ V . Moreover, by (iii)′ for ψ̂ we may assume that
(∇ψ̂(yn, vn))n converges.

By (2), and (3) we have that

yn − PnL̂
−1N̂yn + PnL̂

−1∇yψ̂(yn, vn) → 0 . (4)

Similarly, since Pn∇yφ̂(ȳ, v̄) → ∇yφ̂(ȳ, v̄), by (1) we have that

Pnȳ − PnL̂
−1N̂ ȳ + PnL̂

−1∇yψ̂(ȳ, v̄) → L̂−1∇yφ̂(ȳ, v̄) . (5)

From (4), (5) and the weak convergence of yn to ȳ, we obtain〈[
yn − PnL̂

−1N̂yn + PnL̂
−1∇yψ̂(yn, vn)

]
−

[
Pnȳ − PnL̂

−1N̂ ȳ + PnL̂
−1∇yψ̂(ȳ, v̄)

]
, yn − ȳ

〉
→ 0 .
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Using the fact that Pnȳ → ȳ and that (∇yψ̂(yn, vn))n converges strongly, this
implies that

∥yn − ȳ∥2 − ⟨Pn(L̂
−1N̂yn − L̂−1N̂ ȳ), yn − ȳ⟩ → 0 .

Since∣∣⟨Pn(L̂
−1N̂yn − L̂−1N̂ ȳ), yn − ȳ⟩

∣∣ ≤ ∥Pn(L̂
−1N̂yn − L̂−1N̂ ȳ)∥ ∥yn − ȳ∥

≤ ∥L̂−1N̂yn − L̂−1N̂ ȳ∥ ∥yn − ȳ∥
≤ ∥L̂−1∥∥N̂yn − N̂ ȳ∥ ∥yn − ȳ∥
≤ (1 + δ)−1∥yn − ȳ∥2,

we conclude that ∥yn − ȳ∥ → 0.

It remains to be proved that ∇φ̂(ȳ, v̄) = 0. We know that yn → ȳ, vn → v̄,
hence L̂yn → L̂ȳ, N̂yn → N̂ ȳ, and ∇ψ̂(yn, vn) → ∇ψ̂(ȳ, v̄). Then,

PnN̂yn = Pn(N̂yn − N̂ ȳ) + PnN̂ ȳ → N̂ ȳ ,

and

Pn∇yψ̂(yn, vn) = Pn

(
∇yψ̂(yn, vn)−∇yψ̂(ȳ, v̄)

)
+ Pn∇yψ̂(ȳ, v̄) → ∇yψ̂(ȳ, v̄) ,

hence,

∇yφ̂n(yn, vn) = L̂yn − PnN̂yn + Pn∇yψ̂(yn, vn)

→ L̂ȳ − N̂ ȳ +∇yψ̂(ȳ, v̄) = ∇yφ̂(ȳ, v̄) .

Since ∇yφ̂n(yn, vn) → 0, we have that ∇yφ̂(ȳ, v̄) = 0. Finally,

∇vφ̂n(yn, vn) = ∇vφ̂(yn, vn) → ∇vφ̂(ȳ, v̄) ,

and since ∇vφ̂n(yn, vn) → 0, we have that ∇vφ̂(ȳ, v̄) = 0. We have thus proved
that ∇φ̂(ȳ, v̄) = 0.

Therefore, since all hypotheses of Theorem 2 are satisfied, we conclude that
φ̂−1([β, γ]) contains at least cuplength(V)+1 critical points of φ̂, and the proof
is thus complete.

4. The Poincaré–Birkhoff theorem – I

We consider the Hamiltonian system

Jż = ∇H(t, z) , (HS)

where H : [0, T ] × R2N → R is continuous and ∇H, its gradient with respect
to the second variable z, is also assumed to be continuous. Here J =

(
0 −I
I 0

)
denotes the standard symplectic matrix. As in usual practice, the solutions
satisfying z(0) = z(T ) will be said to be T -periodic.
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Following [16], for z ∈ R2N we use the notation z = (x, y), with x =
(x1, . . . , xN) ∈ RN and y = (y1, . . . , yN) ∈ RN , and we gather into four groups
the variables of x and y, respectively, thus writing

x = (xa, xb, xc, xd), y = (ya, yb, yc, yd),

where, for some nonnegative integers Na, N b, N c, Nd, we have

xa = (xa1, . . . , x
a
Na) ∈ RNa , ya = (ya1 , . . . , y

a
Na) ∈ RNa ,

xb = (xb1, . . . , x
b
Nb) ∈ RNb , yb = (yb1, . . . , y

b
Nb) ∈ RNb ,

xc = (xc1, . . . , x
c
Nc) ∈ RNc , yc = (yc1, . . . , y

c
Nc) ∈ RNc ,

xd = (xd1, . . . , x
d
Nd) ∈ RNd , yd = (yd1 , . . . , y

d
Nd) ∈ RNd .

When one or more of these integers is equal to zero, the corresponding group
will not be taken into account; for example, if Na = 0, then xa and ya will
disappear from the list. We also introduce the notation

za = (xa, ya) , zb = (xb, yb) , zc = (xc, yc) , zd = (xd, yd) .

We will use these notations throughout the paper. Let us now introduce our
assumptions.

Assumption A1. The Hamiltonian function H(t, x, y) is 2π-periodic in each
of the variables included in xa, xb, ya, and yc.

The total number of variables in which our Hamiltonian function is 2π-
periodic is thus M := Na + N b + Na + N c. Gathering together the variables
in which H(t, z) is 2π-periodic, let us introduce the notation

zp = (xa, xb, ya, yc) , z¬p = (xc, xd, yb, yd) , (6)

so that we are allowed to write z = (zp, z¬p).

In this setting, T -periodic solutions z(t) of (HS) appear in equivalence classes
made of those solutions whose components in zp(t) differ by an integer multiple
of 2π. We say that two T -periodic solutions are geometrically distinct if they
do not belong to the same equivalence class.

In order to simplify the exposition we will only deal with the case when
N c = 0. There is no loss of generality in doing this, as can be seen by simply
introducing the new variables x̂b = (xb,−yc), ŷb = (xc, yb). Hence, from now
on, M = 2Na +N b and z = (x, y) with x = (xa, xb, xd) and y = (ya, yb, yd).

We now introduce the specific structure of our Hamiltonian function.

Assumption A2. The function H can be written as

H(t, z) = F (t, zd) +K(t, z) ,

where K has a bounded gradient with respect to z.

We need to have a control on the gradient of F with respect to its second
variable, denoted by ∇F .
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Assumption A3. There exist two continuous functions A,B : [0, T ] →
Ls(R2Nd

) such that

⟨A(t)(u− v), u− v⟩ ≤ ⟨∇F (t, u)−∇F (t, v), u− v⟩ ≤ ⟨B(t)(u− v), u− v⟩ ,

for every t ∈ [0, T ] and u, v ∈ R2Nd .

Under the above assumptions, the solutions of initial value problems asso-
ciated with (HS) are globally defined. Indeed, by [13, Lemma 3.6.3], one has
that ∇F is Lipschitz continuous, and hence ∇F (t, zd) has an at most linear
growth in zd.

Here is our nonresonance assumption.

Assumption A4. For every µ ∈ [0, 1], the only T -periodic solution of

Ju̇ = (1− µ)A(t)u+ µB(t)u
is the trivial one u = 0.

The following last assumption may be referred to as a “twist condition”. It
will be further discussed and generalized later.

Assumption A5. There exists ρ > 0 such that every solution of (HS) starting
with |yb(0)| = ρ and verifying zd(0) = zd(T ) satisfies

⟨xb(T )− xb(0) , yb(0)⟩ > 0 .

Here is our result.

Theorem 3. Let Assumptions A1–A5 hold true. Then, system (HS) has at
least M + 1 geometrically distinct T -periodic solutions, such that |yb(0)| < ρ.

The proof is provided in the next section. Some remarks are in order.

1. Assumption A1 will be used to obtain, after identifying R/2πZ with the
unit circle, the M -dimensional torus TM , whence the number of T -periodic
solutions we find. Indeed, the application of Theorem 1 will provide us at
least cuplength(TM) + 1 =M + 1 solutions.

2. In [24] the case F = 0 was treated. Instead of Assumption A2, it was re-
quired that the solutions starting with |yb(0)| ≤ ρ be globally defined on [0, T ].
However, such an assumption permits to truncate the Hamiltonian function
when |yb| is sufficiently large, so to recover, also in view of Assumption 1, the
boundedness of the gradient of K with respect to z.

3. The case A(t) = B(t) was treated in [16], where F (t, u) = 1
2
⟨A(t)u, u⟩. On

the other hand, the case when ∇F (t, u) = D(t, u)u for some symmetric matrix
D(t, u) has been treated in [20], assuming that A(t), B(t) are constant matrices.
In both cases, our twist condition in Assumption A5 is much less restrictive
than those assumed in [16, 20]. For example, in [16] the strict inequality was
required to hold for all those solutions starting with |yb(0)| ∈ [ρ, ρ + δ], for
some small δ > 0, and in [20] it was assumed for a whole family of systems.
Also the fact of restricting it to those solutions satisfying zd(0) = zd(T ) is
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new. In view of our Theorem 3, the results in [17, 20, 21, 22, 31, 39] are thus
consolidated.

4. If F is twice differentiable with respect to the second variable, then As-
sumption A3 is equivalent to

A(t) ≤ F ′′
u (t, u) ≤ B(t) , for every t ∈ [0, T ] and u ∈ R2Nd

.

Notice that, in this case, assuming without loss of generality that ∇F (t, 0) = 0,
one can recover the structure ∇F (t, u) = D(t, u)u, for some symmetric matrix
D(t, u).
5. In the case when A and B are constant, Assumption A4 is equivalent to⋃

µ∈[0,1]

σ
(
(1− µ)JA+ µJB

)
∩ 2π

T
iZ = ∅ .

This condition is equivalent to the one introduced by Lazer in [28] when dealing
with second order differential systems.

6. Assumption A5 has several variants and generalizations, which will be
discussed in Section 6. For the reader’s convenience we decided to present it
here in a simple form, in order to have a clear geometrical insight.

5. Proof of Theorem 3

In the following we will deal with vector valued functions defined on [0, T ].
However, in order to keep a lighter notation for the needed function spaces,
we will not specify the dimensions, and just write, e.g., L2(0, T ), H1(0, T ), to
denote them.

Let us emphasize that we do not require uniqueness for initial value prob-
lems, something which could be ensured by assuming some more regularity in
the Hamiltonian function. We could prove the existence of T -periodic solutions
by passing to the limit in a regularization argument; however, multiplicity is
usually lost in this procedure because it may not be easy to show that the dif-
ferent solutions do not collapse in the limit. We then need a different approach,
which will follow the ideas in [24, 25] and [16].

The proof is divided in six steps. We will first modify the Hamiltonian
function, so to enter in the functional setting of Theorem 1. After having
obtained the multiplicity of T -periodic solutions for the modified system, we
will show that they are indeed solutions of the original system, thus concluding
the proof.

5.1. Modifying the Hamiltonian - I. Let ρ > 0 be the constant introduced
in Assumption A5. Following [16], we consider, for any R ≥ ρ+1, a C∞-smooth
function aR : R → [0, 1], with

aR(s) =

{
1 , if s ≤ R ,

0 , if s ≥ 3R ,
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and such that
−s−1 ≤ a′R(s) ≤ 0 , for every s ≥ R . (7)

Recalling the notation z¬p introduced in (6), we define the function

KR(t, z) = aR(|z¬p|)K(t, z) ,

and the corresponding Hamiltonian function

HR(t, z) = F (t, zd) +KR(t, z) .

By Assumptions A1, A2 and (7), it can be easily seen that ∇KR is bounded,
independently of R, i.e., there is a constant C1 > 0 such that

|∇KR(t, z)| ≤ C1 , for every (t, z) ∈ [0, T ]× R2N and R ≥ ρ+ 1 . (8)

We now consider the system

Jż = ∇HR(t, z) . (HSR)

In the following two lemmas we prove some preliminary estimates.

Lemma 4. There exists C2 > 0 such that, if H̃ satisfies ∥∇H̃ −∇HR∥∞ ≤ 1,
for some R ≥ ρ+1, and z is a solution of Jż = ∇H̃(t, z), with |yb(0)| ≤ ρ+1,
then ∥yb∥∞ ≤ C2.

Proof. Since ∇KR is bounded independently of R, we have that ẏb(t) is uni-
formly bounded, and the conclusion easily follows. □

Lemma 5. There exist C3 > 0 and ε̃ ∈ ]0, 1[ such that, if H̃ satisfies ∥∇H̃ −
∇HR∥∞ ≤ ε̃, for some R ≥ ρ+ 1, and z is a solution of Jż = ∇H̃(t, z), with
zd(0) = zd(T ), then ∥zd∥∞ ≤ C3.

Proof. Assume by contradiction that there exist sequences (H̃n)n, (Rn)n and
(zn)n such that ∥∇H̃n−∇HRn∥∞ ≤ 1/n, Rn ≥ ρ+1, zn solves Jż = ∇H̃n(t, z),
zdn(0) = zdn(T ), and ∥zdn∥∞ > n. Then, we have that

Jżdn = ∇F (t, zdn) + fn(t) , (9)

where (fn)n is a uniformly bounded sequence of continuous functions. In the
Hilbert space of L2-functions u : [0, T ] → R2Nd we define the selfadjoint oper-
ator L : D(L ) ⊆ L2(0, T ) → L2(0, T ) by setting

D(L ) = H1
T := {u ∈ H1(0, T ) : u(0) = u(T )} , L u = Ju̇ .

Define moreover the following operators in L2(0, T ):

(A u)(t) = A(t)u(t) , (Bu)(t) = B(t)u(t) , (N u)(t) = ∇F (t, u(t)) .
Then,

L zdn = N zdn + fn .

Notice that A ,B are bounded, selfadjoint, and A ≤ B. Moreover, since our
assumptions remain valid after replacing A(t) by A(t)−ϵI and B(t) by B(t)+ϵI,
with ϵ > 0 small enough (see, e.g., [13, page 66]), we can assume without loss
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of generality that S = 1
2
(B − A ) is invertible. Then, setting wn = S 1/2zdn

and defining

L̃ = S −1/2(L − 1
2
(A + B))S −1/2, Ñ = S −1/2(N − 1

2
(A + B))S −1/2,

and f̃n = S −1/2fn, we have that wn solves

L̃wn = Ñ wn + f̃n .

Notice that (f̃n)n is uniformly bounded. Moreover, Ñ = ∇η̃, with

η̃(w) = η(S −1/2w)− 1
4
⟨S −1/2(A + B)S −1/2w,w⟩ .

We then see that both I + Ñ and I − Ñ are monotone, and

σ(L̃ ) ∩ [−1, 1] = ∅ .

By [13, Lemma 3.6.3], Ñ is Lipschitz continuous, with Lipschitz constant 1.
Moreover, ∥L̃ −1∥ < 1. Then, we can write

wn = L̃ −1Ñ wn + L̃ −1f̃n ,

whence one easily sees that (wn)n is bounded in L2(0, T ). Therefore, being
zdn = S−1/2wn, we have that (zdn)n is bounded in L2(0, T ). Since zdn solves (9),
this sequence is bounded in H1(0, T ), hence also in C([0, T ]), contradicting the
above assumption that ∥zdn∥∞ > n. □

We now fix
R := max{ρ+ 1, C2 + C3} . (10)

The following lemma shows that the twist condition in Assumption A5 con-
tinues to hold for those solutions satisfying ρ− ε ≤ |yb(0)| ≤ ρ+ ε, with ε > 0
small enough, provided that the zd-component has the same values at 0 and
at T .

Lemma 6. There exist ε ∈ ]0, r[ and ε̃ ∈ ]0, 1[ with the following property: if
H̃ satisfies Assumption A1 and is such that ∥∇H̃−∇HR∥∞ ≤ ε̃, then for any
solution z of Jż = ∇H̃(t, z), with |yb(0)| ∈ [ρ − ε, ρ + ε] and zd(0) = zd(T ),
one has that

⟨xb(T )− xb(0), yb(0)⟩ > 0 .

Proof. Assume by contradiction that there exist sequences (H̃n)n and (zn)n
such that H̃n satisfies Assumption A1, ∥∇H̃n−∇HR∥∞ ≤ 1/n, zn solves Jż =
∇H̃n(t, z), zdn(0) = zdn(T ), |ybn(0)| ∈

[
ρ− 1

n
, ρ+ 1

n

]
, and ⟨xbn(T )−xbn(0), ybn(0)⟩ ≤

0. By Lemmas 4 and 5 we have that ∥ybn∥∞ ≤ C2 and, for n large enough,
∥zdn∥∞ ≤ C3. Let now ẑan(t), x̂

b
n(t) be such that

ẑan(t)− zan(t) ∈ 2πZ2Na

, ẑan(0) ∈ [0, 2π]2N
a

, (11)

x̂bn(t)− xbn(t) ∈ 2πZNb

, x̂bn(0) ∈ [0, 2π]N
b

. (12)
By Assumption A1, the function ẑn = (x̂an, x̂

b
n, x

d
n, ŷ

a
n, y

b
n, y

d
n) is a solution of

Jż = ∇H̃n(t, z), and since ∇KR is uniformly bounded, the sequence (ẑn)n is
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also uniformly bounded. Hence, (ẑn)n is bounded in C1([0, T ]), and by the
Ascoli–Arzelà theorem we can find a subsequence which converges uniformly
to some z̄ = (x̄a, x̄b, x̄d, ȳa, ȳb, ȳd), a continuous function. A standard argument
then shows that z̄ is a solution of (HSR), with ∥ȳb∥∞ ≤ C2 and ∥z̄d∥∞ ≤ C3.
Then, by (10), z̄ is a solution of (HS). Moreover, passing to the limit as
n→ ∞ we have that |ȳb(0)| = ρ, z̄d(0) = z̄d(T ) and ⟨x̄b(T )− x̄b(0), ȳb(0)⟩ ≤ 0,
a contradiction with Assumption A5. □

From now on we will assume ε ∈ ]0,min{1, ρ}[ .

5.2. Modifying the Hamiltonian - II. We will now need to further modify
our Hamiltonian function in order to gain some more regularity. For some
small constants c ∈ ]0, T [ and d ∈ [0, r[ , let us introduce the notation

Ωc,d = {(t, yb) : t ∈ [0, c] , |yb| < ρ− d} ∪ {(t, yb) : t ∈ ]c, T ] , |yb| < 3R + 1} .

0 c T
ρ− d

ρ− d

3R+ 1

3R+ 1

t

yb

Figure 1. The set Ωc,d

These are relatively open sets in [0, T ] × RNb (see Figure 1). Notice that, if
c′ ≤ c and d′ ≤ d, then

Ωc,d ⊆ Ωc′,d′ .

We will also need the corresponding sets

Ω♯
c,d = {(t, z) ∈ [0, T ]× R2N : (t, yb) ∈ Ωc,d} ,
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which are relatively open in [0, T ]× R2N .

We start with the following observation.

Proposition 7. There exist some small δ ∈ ]0, 1[ and ε̃ ∈ ]0, 1[ with the follow-
ing property: if H̃ satisfies Assumption A1 and is such that ∥∇H̃−∇HR∥∞ ≤
ε̃, then for any T -periodic solution z of Jż = ∇H̃(t, z), with |yb(0)| ≤ ρ, the
graph of z lies in Ω♯

δ,δ.

Proof. By contradiction, assume there exists (H̃n)n satisfying Assumption A1
and ∥∇H̃n −∇HR∥∞ ≤ 1/n, and such that Jż = ∇H̃n(t, z) has a T -periodic
solution zn with |ybn(0)| ≤ ρ, whose graph exits Ω♯

1
n
, 1
n

. We can now proceed
as in (11), (12), and by a compactness argument find a subsequence which
converges uniformly to a T -periodic solution z of (HSR), with |yb(0)| ≤ ρ. By
Assumption A5 it has to be |yb(0)| < ρ. By Lemma 4 and (10), this solution
surely satisfies |yb(t)| < 3R+ 1 for every t ∈ [0, T ]. Hence, for n large enough,
the graph of z lies in Ω♯

1
n
, 1
n

, which is an open set. Then, since the sets Ω♯
1
n
, 1
n

become larger as n increases, also the graph of zn will lie in Ω♯
1
n
, 1
n

, for n large
enough, a contradiction. □

Clearly enough, the constants ε̃ ∈ ]0, 1[ in Lemma 5, Lemma 6, and Propo-
sition 7 can be taken to be the same.

As in the proof of Lemma 5 we can assume that S(t) = 1
2
(B(t) − A(t)) is

invertible, for every t ∈ [0, T ] so that, defining

G(t, w) = F (t,S(t)−1/2w)− 1
4
⟨S(t)−1/2(A(t) + B(t))S(t)−1/2w,w⟩ ,

by Assumption A3 we have that its gradient with respect to the second variable,

∇G(t, w) = S(t)−1/2
[
∇F (t,S(t)−1/2w)− 1

2
(A(t) + B(t))S(t)−1/2w

]
,

is Lipschitz continuous with Lipschitz constant equal to 1.

For every positive integer n, let Gn : [0, T ] × R2Nd → R and Kn : [0, T ] ×
R2N → R be C∞-smooth functions such that

∥Gn −G∥∞ ≤ 1/n , ∥∇Gn −∇G∥∞ ≤ 1/n ,

∥Kn −KR∥∞ ≤ 1/n , ∥∇Kn −∇KR∥∞ ≤ 1/n .

Recalling that ∇G is Lipschitz continuous, also ∇Gn can be chosen as such,
with the same Lipschitz constant (see, e.g., [10, Section 4.1]), i.e., ∇Gn(t, w) is
Lipschitz continuous with respect to w with Lipschitz constant equal to 1. We
can also assume Kn(t, x, y) to be 2π-periodic in each of the variables included
in xa, xb, and ya. Finally, recalling that KR(t, z) = 0 when |z¬p| ≥ 3R, we can
assume without loss of generality that also Kn(t, z) = 0 there.
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We now need the sets

Ω̂c,d = {(t, yb) : t ∈ [0, c] , |yb| < ρ− d} ∪ {(t, yb) : t ∈ ]c, T ] , |yb| < 3R + 2} .

where c ∈ ]0, T [ and d ∈ [0, ρ[ , and the corresponding sets

Ω̂♯
c,d = {(t, z) ∈ [0, T ]× R2N : (t, yb) ∈ Ω̂c,d} .

Let m : [0, T ]× RNb → [0, 1] be a C∞-smooth function such that

m(t, yb) =

{
0 , on Ωδ,δ ,

1 , on ([0, T ]× RNb
) \ Ω̂ δ

2
, δ
2
,

where δ > 0 is the constant given in Proposition 7, and define

G̃n(t, y
b, w) = (1−m(t, yb))G(t, w) +m(t, yb)Gn(t, w) ,

K̃n(t, z) = (1−m(t, yb))KR(t, z) +m(t, yb)Kn(t, z) .

Proposition 8. Given ϵ ∈ ]0, 1[ , the gradient of the function G̃n(t, y
b, w) with

respect to (yb, w) is Lipschitz continuous with Lipschitz constant 1+ ϵ, when n
is sufficiently large. Moreover,

K̃n(t, z) = 0 , if |z¬p| ≥ 3R . (13)

Proof. Notice that ∂G̃n/∂w is Lipschitz continuous in w with Lipschitz con-
stant equal to 1, while ∂G̃n/∂y

b is Lipschitz continuous in yb with Lipschitz
constant smaller than ϵ ∈ ]0, 1[ , when n is large enough. Hence, for every
(yb1, w1) and (yb2, w2),

|∇(yb,w)G̃n(t, y
b
1, w1) −∇(yb,w)G̃n(t, y

b
2, w2)| ≤

≤ |∇(yb,w)G̃n(t, y
b
1, w1)−∇(yb,w)G̃n(t, y

b
2, w1)|+

+|∇(yb,w)G̃n(t, y
b
2, w1)−∇(yb,w)G̃n(t, y

b
2, w2)|

≤ ϵ |yb1 − yb2|+ |w1 − w2|

≤ (1 + ϵ)
(
|yb1 − yb2|2 + |w1 − w2|2

)1/2
.

The first part of the Proposition is thus proved. The second part is a direct
consequence of the construction of KR and Kn, since K̃n is a convex combina-
tion of the two. □

Finally, set

F̃n(t, y
b, zd) = G̃n(t, y

b, S(t)1/2zd) + 1
4
⟨(A(t) + B(t))zd, zd⟩ ,

and
H̃n(t, z) = F̃n(t, y

b, zd) + K̃n(t, z) .

Notice that H̃n satisfies Assumption A1,

H̃n(t, z) = HR(t, z) , for every (t, z) ∈ Ω♯
δ,δ , (14)
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and limn ∥∇H̃n − ∇HR∥∞ = 0. We can thus assume n sufficiently large in
such a way that

∥∇H̃n −∇HR∥∞ ≤ ε̃ , (15)

where ε̃ ∈ ]0, 1[ is the constant appearing in Lemma 5, Lemma 6, and Propo-
sition 7.

We now consider the system

Jż = ∇H̃n(t, z) . (H̃Sn)

The following estimate will be needed.

Proposition 9. There exists a τ ∈ ]0, δ/2[ such that, for any solution z

of (H̃Sn), one has

|yb(t1)− yb(t2)| <
δ

8
, for every t1, t2 ∈ [0, τ ] .

Proof. By (8) and (15), we have

|ẏb(t)| =
∣∣∣∣∂H̃n

∂xb
(t, z(t))

∣∣∣∣ ≤ C1 + ε̃ , for every t ∈ [0, T ] ,

with ε̃ ∈ ]0, 1[ . The conclusion easily follows. □

We now define the function Z : ([0, T ] × R2N) \ Ω̂♯

τ, δ
4

→ [0, T ] × R2N as
Z(t, ζ) = (t,Z(t, ζ)), where Z(t, ζ) denotes the solution of the initial value
problem {

Jż = ∇H̃n(t, z)

z(0) = ζ .
(16)

We write ζ ∈ R2N as ζ = (ξ, ϑ), with

ξ = (ξa, ξb, ξd) , ϑ = (ϑa, ϑb, ϑd) .

The function Z is well defined. Indeed, if (t, ζ) ∈ ([0, T ]×R2N) \ Ω̂♯

τ, δ
4

, we have

two cases. Either t ∈ [0, τ ] and |ϑb| ≥ ρ − δ
4
, or t ∈ ]τ, T ] and |ϑb| ≥ 3R + 2.

In the first case, if z is a solution of (16), by Proposition 9 one has that for
every s ∈ [0, t] the trajectory (s, z(s)) remains in ([0, T ] × R2N) \ Ω̂♯

τ, δ
2

, hence

in ([0, T ]×R2N) \ Ω̂♯
δ
2
, δ
2

, where we have the uniqueness of the solutions of (16),

since on this set the function m is constantly equal to 1 and H̃n is a C∞-smooth
function. In the second case, when t ∈ ]τ, T ] and |ζ| ≥ 3R + 2, the solution z
of (16) is such that yb is constant, hence again for every s ∈ [0, t] the trajectory
(s, z(s)) remains in ([0, T ]× R2N) \ Ω̂♯

δ
2
, δ
2

.
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We also use the notation Zt(ζ) = Z(t, ζ), so that

Z(t, ζ) = (t,Z(t, ζ)) = (t,Zt(ζ)) .

Let us define, for c ∈ ]0, τ ] and d ∈ [0, δ
4
], the sets

Ξ♯
c,d = Z

(
([0, T ]× R2N) \ Ω̂♯

c,d

)
.

Since Z is a C∞-diffeomorphism from ([0, T ] × R2N) \ Ω̂♯

τ, δ
4

to Ξ♯

τ, δ
4

, we can
consider its inverse

Z−1 : Ξ♯

τ, δ
4

→ ([0, T ]× R2N) \ Ω̂♯

τ, δ
4

.

Notice that Z−1(t, z) = (t,Z−1
t (z)).

Let γ : R → R be a C∞-function such that

γ(s) = 0 if s ≤ ρ , γ′(s) > 0 if s > ρ ,

γ′(s) ≥ 1 if s ≥ ρ+ ε , γ(s) =
1

2ρ
s2 if s ≥ ρ+ 1 ,

where ε ∈ ]0,min{1, ρ}[ is the constant introduced in Lemma 6.

Proposition 10. Let τ > 0 be the constant provided by Proposition 9. There
exists a C∞-smooth function r : [0, T ]× RNb → R such that

(a) r(t, ϑb) = 0 on Ω̂ τ
2
,0 ;

(b) 1
T

∫ T

0
r(t, ϑb) dt = γ(|ϑb|) for every (t, ϑb) ∈ [0, T ]× RNb ;

(c) r(t, ϑb) = γ(|ϑb|) when |ϑb| is large enough.
We define r♯ : [0, T ]× R2N → R as r♯(t, ζ) = r(t, ϑb).

Proof. Choose some m > 2(3R+2)/τ . Let u : R → R be C∞-smooth and such
that

u(s) = 0 if s ≤ 0 , u(s) = 1 if s ≥ 1 , u(s) ∈ ]0, 1[ if s ∈ ]0, 1[ ,

and define, for (t, ϑb) with |ϑb| > max{ρ,mt},

r(t, ϑb) =
u(|ϑb| −mt)

1
T

∫ T

0
u(|ϑb| −ms) ds

γ(|ϑb|) ,

while r(t, ϑb) = 0 otherwise. It is C∞-smooth and properties (a), (b), and (c)
are readily verified. □

For λ > 0 sufficiently large, to be determined later, let Rλ : [0, T ]×R2N → R
be defined by

Rλ(t, z) =

{
λr♯(t,Z−1

t (z)) , if (t, z) ∈ Ξ♯
τ,0 ,

0 , if (t, z) /∈ Ξ♯
τ,0 .

(17)
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Proposition 11. The function Rλ is C∞-smooth. One has that

Rλ(t, z) = λr(t, yb) , if |yb| ≥ 3R . (18)

Moreover,
Rλ(t,Zt(ζ)) = λr♯(t, ζ) , if (t, ζ) /∈ Ω̂♯

τ, δ
4

. (19)

Proof. One verifies that Rλ is C∞-smooth using property (a) in Proposition 10.
In order to prove (18), let z ∈ R2N be such that |yb| ≥ 3R. If t ∈ [0, τ ] or
|yb| ≥ 3R + 2, since by (13),

∂H̃n

∂xb
(t, z) =

∂K̃n

∂xb
(t, z) = 0 ,

the equality surely holds, by definition (17), since the yb-component of Z−1
t (z)

is constant in time and equal to yb there. On the other hand, if t ∈ ]τ, T ] and
3R ≤ |yb| < 3R + 2, then Rλ(t, z) = 0 by definition (17), and r(t, yb) = 0 by
(a) in Proposition 10. Hence, (18) is proved.

Finally, let us verify (19). The equality is surely true, by definition (17),
if (t, ζ) /∈ Ω̂♯

τ,0. On the other hand, if (t, ζ) ∈ Ω̂♯
τ,0 \ Ω̂♯

τ, δ
4

, then (t,Zt(ζ)) ∈

Ξ♯

τ, δ
4

\Ξ♯
τ,0, hence Rλ(t,Zt(ζ)) = 0 by definition (17), and r♯(t, ζ) = 0 by (a) in

Proposition 10. □

Finally, set
Ĥλ(t, z) = H̃n(t, z) +Rλ(t, z) .

Notice that Ĥλ(t, x, y) is 2π-periodic in each of the variables included in xa, xb,
and ya. We will now look for T -periodic solutions of the system

Jż = ∇Ĥλ(t, z) . (ĤSλ)

5.3. The functional setting. In this subsection we will find the T -periodic
solutions of system (ĤSλ) as critical points of a suitable functional, by the use
of Theorem 1. We look for solutions whose components belong to the space
H

1/2
T , which we now briefly recall.

It is well known that every f ∈ L2(0, T ) has a Fourier expansion

f(t) =
∑
k∈Z

f̂ke
2πikt/T ,

where f̂k ∈ C. The set H1/2
T is made of those functions f ∈ L2(0, T ) for which∑

k∈Z

(1 + |k|) |f̂k|2 < +∞ .

For f, g in H1/2
T we define the scalar product

⟨f, g⟩ =
∑
k∈Z

(1 + |k|) f̂kĝ∗k ,
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where ĝ∗k is the complex conjugate of ĝk, and the corresponding norm

∥f∥ =
(∑

k∈Z

(1 + |k|) |f̂k|2
)1/2

.

The dual space H−1/2
T can be identified with H1/2

T via the Riesz isomorphism

R : H
1/2
T → H

−1/2
T ,

which, in Fourier coefficients, acts by

R
(
{f̂k}

)
= {(1 + |k|) f̂k}, R−1

(
{ĝk}

)
= {(1 + |k|)−1 ĝk}.

It is convenient to write the components of z(t) involved in the periodicity
Assumption 1 as zp(t) = z̄p + z̃p(t), where z̄p = 1

T

∫ T

0
zp(t) dt. Hence the

components of z̃p belong to H̃1/2
T , the subspace of functions with zero mean.

By Assumption A1, we can identify z̄p with an element v of the set

V = TNa × TNb × {0} × TNa × {0} × {0} ,

which in turn is identified with the M -dimensional torus TM . The function

χ(t) = (x̃a(t), x̃b(t), xd(t), ỹa(t), yb(t), yd(t))

is an element of the Hilbert space

H =
[
H̃

1/2
T

]Na

×
[
H̃

1/2
T

]Nb

×
[
H

1/2
T

]Nd

×
[
H̃

1/2
T

]Na

×
[
H

1/2
T

]Nb

×
[
H

1/2
T

]Nd

.

With this notation, we have

z(t) = v + χ(t) .

Our functional φ : H × V → R will be of the type

φ(χ, v) = 1
2
⟨Lχ, χ⟩ − η(χ) + ψ(χ, v) .

Let us now explain the meaning of the three elements in the above sum.

For any χ ∈ H, it will be now convenient to write χ = (χa, χb, χd), with

χa = (x̃a, ỹa) , χb = (x̃b, yb) , χd = (xd, yd) .

As usual, we can assume without loss of generality that S(t) = 1
2
(B(t)−A(t))

is invertible. We introduce the linear operators A,B ∈ Ls(H) as

(Aχ)(t) =
(
0, (0,−(1 + ϵ)yb(t)), (A(t)− ϵS(t))χd(t)

)
,

(Bχ)(t) =
(
0, (0, (1 + ϵ)yb(t)), (B(t) + ϵS(t))χd(t)

)
,

for some sufficiently small ϵ > 0.
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Define the symmetric bilinear form B̂ : [H1
T ]

2N × [H1
T ]

2N → R as

B̂(χ, ω) =
∫ T

0

⟨Jχ̇(t), ω(t)⟩ dt+ λ

ρ

∫ T

0

⟨yb(t), ωb(t)⟩ dt .

It can be seen that it is continuous with respect to the topology of [H1/2
T ]2N ×

[H
1/2
T ]2N , hence it can be extended to H, maintaining the same notation. We

can then define the operator L ∈ Ls(H) as

⟨Lχ, ω⟩ = B̂(χ, ω) .

Proposition 12. If ϵ ∈ ]0, 1[ above is small enough, then L− (1− ν)A− νB
has a continuous inverse, for every ν ∈ [0, 1].

Proof. If (L− (1− ν)A− νB)χ = 0, then

Jχ̇
a
= 0 , ˙̃xb = αyb , ẏb = 0 ,

with α = (λ/ρ) + (1 + ϵ)(1− 2ν), and

Jχ̇
d
= (1− ν)(A(t)− ϵS(t))χd + ν(B(t) + ϵS(t))χd.

Since χa is constant and belongs to
[
H̃

1/2
T

]2Na

, it must be identically equal to
zero. Even yb is constant, hence also ˙̃xb. Being x̃b periodic, this implies that
˙̃xb = 0, hence x̃b is constant and yb = 0. But since x̃b ∈

[
H̃

1/2
T

]Nb

, it has to
be x̃b = 0. On the other hand, by Assumption A4, using the argument in [13,
page 66]), for ϵ small enough one must have that χd = 0.

We have thus shown that the kernel of L − (1 − ν)A − νB is trivial. Since
this is a selfadjoint operator with closed range, the conclusion follows. □

Hence, (i) in Theorem 1 is verified. In the following, we will always assume
n to be large enough so that Proposition 8 applies, with ϵ ∈ ]0, 1[ given by
Proposition 12.

Define now η : H → R as

η(χ) =

∫ T

0

F̃n(t, y
b(t), χd(t)) dt .

It is well defined, since F̃n has an at most quadratic growth in its variables.

Proposition 13. Setting N = ∇η, we have that N − A and B − N are
monotone.

Proof. One easily shows that, for h = (ũa, ũb, ud, ṽa, vb, vd) ∈ H, writing hd =
(ud, vd),

⟨∇η(χ), h⟩ =
∫ T

0

〈
∇(yb,zd)F̃n(t, y

b(t), χd(t)), (vb(t), hd(t))
〉
dt .

Notice that, for every (t, yb, zd) ∈ [0, T ]× RNb × R2Nd ,

∇ybF̃n(t, y
b, zd) = ∇ybG̃n(t, y

b,S(t)1/2zd) ,
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while

∇zdF̃n(t, y
b, zd) = S(t)1/2∇zdG̃n(t, y

b,S(t)1/2zd) + 1
2
(A(t) + B(t))zd .

Define the matrix

M(t) =
( I 0
0 S(t)1/2

)
.

Let us prove that B −N is monotone by showing that〈
[∇η(χ1)−Bχ1]− [∇η(χ2)−Bχ2], χ1 − χ2

〉
≤ 0 ,

for every χ1, χ2 ∈ H. Recalling Proposition 8, not writing the t’s to simplify
the notation, we have〈[

∇(yb,zd)F̃n(y
b
1, z

d
1)−

(
(1 + ϵ)yb1, (B+ ϵS)zd1

)]
−

−
[
∇(yb,zd)F̃n(y

b
2, z

d
2)−

(
(1 + ϵ)yb2, (B+ ϵS)zd2

)]
, (yb1, z

d
1)− (yb2, z

d
2)
〉

=
〈
∇(yb,zd)F̃n(y

b
1, z

d
1)−∇(yb,zd)F̃n(y

b
2, z

d
2), (y

b
1 − yb2, z

d
1 − zd2)

〉
−

−(1 + ϵ)|yb1 − yb2|2 −
〈
(B+ ϵS)(zd1 − zd2), z

d
1 − zd2

〉
=

〈
M∇(yb,zd)G̃n(y

b
1,S1/2zd1)−M∇(yb,zd)G̃n(y

b
2,S1/2zd2), (y

b
1 − yb2, z

d
1 − zd2)

〉
+1

2

〈
(A+ B)(zd1 − zd2), (z

d
1 − zd2)

〉
−(1 + ϵ)|yb1 − yb2|2 −

〈
(B+ ϵS)(zd1 − zd2), z

d
1 − zd2

〉
=

〈
∇(yb,zd)G̃n(y

b
1,S1/2zd1)−∇(yb,zd)G̃n(y

b
2,S1/2zd2), (y

b
1 − yb2,S1/2zd1 − S1/2zd2))

〉
−(1 + ϵ)|yb1 − yb2|2 − (1 + ϵ)

〈
S(zd1 − zd2), (z

d
1 − zd2)

〉
≤ (1 + ϵ)|(yb1 − yb2, S1/2zd1 − S1/2zd2))|2

−(1 + ϵ)|yb1 − yb2|2 − (1 + ϵ)|S1/2(zd1 − zd2)|2 = 0 .

Similarly one shows that〈
[∇η(χ1)− Aχ1]− [∇η(χ2)− Aχ2], χ1 − χ2

〉
≥ 0 ,

for every χ1, χ2 ∈ H, thus completing the proof. □

Hence, (ii) in Theorem 1 is verified.

Finally, let ψ : H × V → R be defined as

ψ(χ, v) =

∫ T

0

[
K̃n(t, v + χ(t)) +Rλ(t, v + χ(t))− λ

2ρ
|yb(t)|2

]
dt .

Notice that, by Assumption A1, the integrand is periodic in the variables
included in xa, xb, ya and, by (13), K̃n(t, v+χ(t)) vanishes if |[v+χ(t)]¬p| ≥ 3R.
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Hence, the functional

ψ1(χ, v) =

∫ T

0

K̃n(t, v + χ(t)) dt

is well defined, its gradient ∇ψ1 has a bounded image, and by [36, Proposition
B.37] it maps bounded subsets of X into relatively compact subsets of T X.

We now consider the functional

ψ2(χ, v) =

∫ T

0

[
Rλ(t, v + χ(t))− λ

2ρ
|yb(t)|2

]
dt ,

so that ψ = ψ1+ψ2. By (18), property (c) in Proposition 10, and the definition
of γ(|yb|), when |yb| is large enough we have that

Rλ(t, z)−
λ

2ρ
|yb|2 = λr(t, yb)− λ

2ρ
|yb|2 = λγ(|yb|)− λ

2ρ
|yb|2 = 0 .

On the other hand, we claim that Rλ(t, z) and ∇Rλ(t, z) are bounded when
yb belongs to a bounded set, say Y b. Indeed, consider Z−1

t (z), which coincides
with some ζ such that Z(t, ζ) = z. In order to compute Rλ(t, z) we must only
look at the yb-component of this solution Z(t, ζ) of (H̃Sn). We know that K̃n

is C∞-smooth, and by (13) again, once we compactify the zp-variables, we have
that not only K̃n vanishes outside a compact set, but also its gradient ∇K̃n

and its Hessian, as well. This implies that both Rλ(t, z) and ∇Rλ(t, z) are
bounded when yb ∈ Y b. It follows from the above considerations that also ψ2

is well defined and satisfies both (iii) and (iv) in Theorem 1.

Consequently, we may apply Theorem 1, which guarantees the existence of
at least M +1 critical points of φ. A standard argument then shows that they
are geometrically distinct T -periodic solutions of (ĤSλ).

5.4. Towards the end of the proof. In order to conclude the proof it re-
mains to show that, if λ > 0 is large enough, the T -periodic solutions of (ĤSλ)
found above are indeed solutions of (HS).

Let ẑ be a T -periodic solution of (ĤSλ). We write ẑ(t) = (x̂(t), ŷ(t)), with

x̂(t) = (x̂a(t), x̂b(t), x̂d(t)) , ŷ(t) = (ŷa(t), ŷb(t), ŷd(t)) .

Our main issue will be proving that |ŷb(0)| < ρ.

By contradiction, assume that |ŷb(0)| ≥ ρ. We claim that, anyhow, it has
to be |ŷb(0)| < 3R + 1.

Indeed, if by contradiction |ŷb(0)| ≥ 3R + 1, then by (18), as long as |ŷb(t)|
remains greater than 3R, ẑ solves (ĤSλ) with Ĥλ(t, z) = F̃n(t, y

b, zd)+λr(t, yb).
As a consequence, ŷb(t) would be constant, while

˙̂xb(t) = λ∇r(t, ŷb(0)) .
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We deduce from (b) in Proposition 10 that

x̂b(T )− x̂b(0) =

∫ T

0

˙̂xb(t) dt = λ

∫ T

0

∂r

∂yb
(t, ŷb(0)) dt

= λT
∂

∂yb

∫ T

0

r(t, yb) dt
∣∣∣
yb=ŷb(0)

= λT
∂

∂yb
γ(|yb|)

∣∣∣
yb=ŷb(0)

= λTγ′(|ŷb(0)|) ŷ
b(0)

|ŷb(0)|
. (20)

This implies that x̂b(T ) ̸= x̂b(0), since γ′(s) > 0 if s > ρ, contradicting the
periodicity of ẑ.

The claim having been proved, from now on we assume that

ρ ≤ |ŷb(0)| < 3R + 1 . (21)

5.5. An auxiliary system. Let ζ(t) be the solution of the Cauchy problemJζ̇ = λ
∂r♯
∂ζ

(t, ζ)

ζ(0) = ẑ(0) .
(22)

Since r♯(t, ζ) is smooth, this solution is unique on its existence domain. We
will now see that it is globally defined on [0, T ]. Writing ζ(t) = (ξ(t), ϑ(t)),
with

ξ(t) = (ξa(t), ξb(t), ξd(t)) , ϑ(t) = (ϑa(t), ϑb(t), ϑd(t)) ,

from the definition of r♯(t, ζ) we see that the functions ξa(t), ξd(t), ϑa(t), ϑb(t),
ϑd(t) are constant on [0, T ], while

ξ̇b(t) = λ
∂r♯
∂ϑb

(t, ξ(t), ϑ(t)) = λ
∂r

∂yb
(t, ϑb(t)) .

In particular,

ϑb(t) = ϑb(0) = ŷb(0) , for every t ∈ [0, T ] , (23)

and, by property (b) in Proposition 10, proceeding as in (20),

ξb(T )− ξb(0) = λ

∫ T

0

∂r

∂yb
(t, ŷb(0)) dt = λTγ′(|ŷb(0)|) ŷ

b(0)

|ŷb(0)|
.

Since ξb(0) = x̂b(0), we thus have

ξb(T ) = x̂b(0) + λTγ′(|ŷb(0)|) ŷ
b(0)

|ŷb(0)|
. (24)

Proposition 14. One has that

(t, ζ(t))

{
/∈ Ω̂♯

τ,0 , for every t ∈ [0, τ ] ,

∈ Ω̂♯
τ,0 , for every t ∈ ]τ, T ] .

Moreover,
ẑ(t) = Z(t, ζ(t)) , for every t ∈ [0, τ ] . (25)
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Proof. The first part of the statement is a direct consequence of (21) and (23).
Let us now prove (25). Since (0, ẑ(0)) /∈ Ω̂♯

τ,0, we have that

Z−1(0, ẑ(0)) = (0, ẑ(0)) ∈ ([0, T ]× R2N) \ Ω̂♯
τ,0 ,

i.e., (0, ẑ(0)) ∈ Z(([0, T ] × R2N) \ Ω̂♯
τ,0) = Ξ♯

τ,0. By continuity, there is an
ω ∈ ]0, τ ] such that (t, ẑ(t)) ∈ Ξ♯

τ, δ
4

for every t ∈ [0, ω]. We can then define

ζ1 : [0, ω] → R2N as ζ1(t) = Z−1
t (ẑ(t)), so that

(t, ζ1(t)) /∈ Ω̂♯

τ, δ
4

and ẑ(t) = Z(t, ζ1(t)) , for every t ∈ [0, ω] .

Then, if t ∈ [0, ω],

˙̂z(t) =
∂Z
∂t

(t, ζ1(t)) +
∂Z
∂ζ

(t, ζ1(t))ζ̇1(t) ,

hence
∂Z
∂ζ

(t, ζ1(t))ζ̇1(t) = −J∇Ĥλ(t, ẑ(t)) + J∇H̃n(t, ẑ(t)) = −J∇Rλ(t, ẑ(t)) .

Moreover, since Zt is a canonical transformation, we multiply this equality by
∂Z
∂ζ
(t, ζ1(t))

∗J and we obtain

Jζ̇1(t) =
(∂Z
∂ζ

(t, ζ1(t))
)∗

∇Rλ(t, ẑ(t)) = λ
∂r♯
∂ζ

(t, ζ1(t)) , for every t ∈ [0, ω] ,

where in the last equality we used (19). Since ζ1(0) = ẑ(0), we have that
ζ1(t) satisfies the same Cauchy problem (22) as ζ(t), and we conclude that
they must be equal on [0, ω]. Hence, since we know that ϑb(t) is constant and
(t, ζ(t)) does not belong to Ω̂♯

τ,0 for every t ∈ [0, τ ], we can take ω = τ , and
the proof is concluded. □

5.6. The conclusion. The next proposition says that there is a solution z of
system (H̃Sn) whose starting point is ζ(T ), having the same arrival point as ẑ.

Proposition 15. There exists a solution z : [0, T ]× R2N → R of (H̃Sn) such
that

z(0) = ζ(T ) , z(T ) = ẑ(T ) . (26)

Proof. By (21) and (23), we have that (t, ζ(τ)) /∈ Ω̂♯
τ,0, for every t ∈ [0, τ ]. We

can thus define

z(t) =

{
Z(t, ζ(τ)) , if t ∈ [0, τ [ ,

ẑ(t) , if t ∈ [τ, T ] .

By (25) we know that ẑ(τ) = Z(τ, ζ(τ)), hence z(t) is a continuous function.
Moreover, by (21) and (23), we have that |ϑb(τ)| ∈ [ρ, 3R + 1[, hence by

Proposition 9, |yb(τ)| ∈ ]ρ − δ
8
, 3R + 2[ . Then, by Proposition 9 again, there

exists an open neighbourhood U of (τ, z(τ)) which is contained in(
Ξ♯

τ, δ
4

\ Ξ♯
τ
2
, δ
4

)
∪
(
]τ, T ]×B3R+2

)
.
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Let us show that Rλ vanishes on U . Indeed, if (t, z) ∈ U , we can have two
cases: either t ∈ ]τ, T ], in which case (t, z) /∈ Ξ♯

τ,0, hence Rλ(t, z) = 0, by
definition (17); or t ∈ [ τ

2
, τ ], whence Z−1(t, z) ∈ Ω̂♯

τ
2
, δ
4

\ Ω̂♯

τ, δ
4

, and then, by (19)
and (a) in Proposition 10, Rλ(t, z) = λr♯(Z

−1(t, z)) = 0. Therefore, since also
∇Rλ vanishes on U , we conclude that z(t) is a C1-function.

To see that z(t) is a solution of (H̃Sn) also on [τ, T ] notice that, by (21) and
Proposition 7, we have that |yb(τ)| ∈ ]ρ − δ

4
, 3R + 2[ , having taken δ ∈ ]0, 1[ .

Hence, z(t) enters in Ω̂♯

τ, δ
4

at t = τ and, as long as it remains there, it is a

solution of (H̃Sn), since Rλ vanishes there. But since ∇K̃n(t, z) = 0 when
|yb| ≥ 3R, a solution z(t) of (H̃Sn) with |yb(τ)| < 3R+ 2 will certainly remain
in Ω̂♯

τ, δ
4

for every t ∈ [τ, T ]. We conclude that z(t) is a solution of (H̃Sn) on
the full interval [0, T ].

Moreover, since by Proposition 14 we know that (t, ζ(t)) remains in Ω♯

τ, δ
4

for
every t ∈ ]τ, T ], we have that r♯(t, ζ(t)) = 0 for every t ∈ [τ, T ], hence

ζ(t) = ζ(τ) , for every t ∈ [τ, T ] .

Then, z(0) = Z(0, ζ(τ)) = ζ(τ) = ζ(T ), while clearly z(T ) = ẑ(T ), thus
ending the proof. □

Let z(t) be the solution of (H̃Sn) provided by the previous proposition. As
usual, z(t) = (x(t), y(t)), with

x(t) = (xa(t), xb(t), xd(t)) , y(t) = (ya(t), yb(t), yd(t)) .

By (26) we have that xb(0) = ξb(T ), hence, by (24),

xb(0) = x̂b(0) + Tλγ′(|ŷb(0)|) ŷ
b(0)

|ŷb(0)|
. (27)

Moreover, since ẑ is T -periodic, recalling that ζd(t) = (ξd(t), ϑd(t)) is constant,
we have

zd(0) = ζd(T ) = ζd(0) = ẑd(0) = ẑd(T ) = zd(T ) .

Let ε ∈ ]0, ρ[ be the constant provided in Lemma 6. In order to show that
our assumption (21) leads to a contradiction, we need to analyze two cases.

Case 1: |ŷb(0)| ∈ [ρ, ρ + ε]. Since yb(0) = ϑb(T ) = ϑb(0) = ŷb(0) and zd(0) =
zd(T ), by Lemma 6 we have

⟨xb(T )− xb(0), yb(0)⟩ > 0 . (28)

Then, by (27) and (28), since xb(T ) = x̂b(T ), we have that〈
x̂b(T )− x̂b(0)− Tλγ′(|ŷb(0)|) ŷ

b(0)

|ŷb(0)|
, ŷb(0)

〉
> 0 ,

hence
⟨ x̂b(T )− x̂b(0), ŷb(0) ⟩ > Tλγ′(|ŷb(0)|) |ŷb(0)| ≥ 0 ,
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where we used the fact that γ′ ≥ 0 on [ρ, ρ+ε]. This implies that x̂b(T ) ̸= x̂b(0),
contradicting the periodicity of ẑ.

Case 2: |ŷb(0)| > ρ + ε. By the triangular inequality of the norm and (27),
recalling that xb(T ) = x̂b(T ), we have

|x̂b(T )− x̂b(0)| ≥ Tλγ′(|ŷb(0)|)−
∣∣∣∣x̂b(T )− x̂b(0) + Tλγ′(|ŷb(0)|) ŷ

b(0)

|ŷb(0)|

∣∣∣∣
= Tλγ′(|ŷb(0)|)− |xb(T )− xb(0)| .

Since, by (8) and (15),

|ẋb(t)| =
∣∣∣∂H̃n

∂yb
(t, z(t))

∣∣∣ ≤ C1 + 1 , (29)

recalling that γ′(s) ≥ 1 if s ≥ ρ+ ε, taking λ > C1 + 1 we have that

|x̂b(T )− x̂b(0)| ≥ Tλ− (C1 + 1)T > 0 ,

again contradicting the periodicity of ẑ.

Since in both cases we have reached a contradiction, we have thus proved
the following.

Proposition 16. If ẑ is a T -periodic solution of (ĤSλ) with λ > C1 + 1, then

|ŷb(0)| < ρ .

Let us then fix, e.g., λ = C1 + 2.

Proposition 17. For every t ∈ [0, T ], it has to be that (t, ẑ(t)) ∈ Z(Ω♯
τ,0).

Proof. We know that (0, ẑ(0)) ∈ ([0, T ] × R2N) \ Ξ♯
τ,0, which is an open set,

and as long as (t, ẑ(t)) stays there we have that ∇Rλ(t, ẑ(t)) = 0, hence ẑ
is a solution of (H̃Sn). Should there be a t0 ∈ ]0, T ] for which the trajectory
(t, ẑ(t)) reaches the boundary of Ξ♯

τ,0, which is also the boundary of Z(Ω̂♯
τ,0),

then either
(i) (t0, ẑ(t0)) is such that t0 ∈ ]0, τ ] and ẑ(t0) coincides with the value at t0 of
a solution z̃(t) of (H̃Sn) whose yb-component starts from ∂Bρ, i.e., |ỹb(0)| = ρ,
or
(ii) (t0, ẑ(t0)) is such that t0 ∈ ]τ, T ] and ẑ(t0) coincides with the value at
t0 of a solution z̃(t) of (H̃Sn) whose yb-component starts from ∂B3R+2, i.e.,
|ỹb(0)| = 3R + 2.

In case (i), where t0 ∈ ]0, τ ], by Proposition 9 it has to be that, for every
s ∈ [0, t0],

both (s, ŷb(s)) and (s, ỹb(s)) belong to the interior of ([0, T ]× RNb

) \ Ω̂ δ
2
, δ
2
,

i.e.,

both (s, ẑ(s)) and (s, z̃(s)) belong to the interior of ([0, T ]× RNb

) \ Ω̂♯
δ
2
, δ
2

,
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where the Hamiltonian function H̃n in (H̃Sn) is C∞-smooth, and we would
have a contradiction with the uniqueness property for the associated Cauchy
problem.
In case (ii), recalling that H̃n(t, z) = F̃n(t, y

b, zd) when |yb| ≥ 3R, we see that
ỹb(t) must be constant, with |ỹb(t)| = 3R + 2, while necessarily |ŷb(t0)| ≤ 3R,
a contradiction. □

We have thus proved that, for every t ∈ [0, T ], (t, ẑ(t)) ∈ ([0, T ]×R2N)\Ξ♯
τ,0,

an open set. Hence, by (17), ∇Rλ(t, ẑ(t)) = 0 and ẑ is indeed a T -periodic
solution of (H̃Sn). By Proposition 7, the graph of ẑ lies in Ω♯

δ,δ, hence, by (14),
ẑ is a solution of (HSR). Moreover, by Lemma 4 we have that ∥ŷb∥∞ ≤ C2

and, by Lemma 5, ∥ẑd∥∞ ≤ C3. Having chosen R ≥ C2 + C3, we have that
∇KR(t, ẑ(t)) = ∇K(t, ẑ(t)), for every t ∈ [0, T ], and we conclude that ẑ is a
solution of (HS).

We have thus seen that, with the above choice of λ, all T -periodic solutions
of (ĤSλ) are indeed solutions of (HS). Therefore, (HS) admits at least M + 1
geometrically distinct T -periodic solutions and, by Proposition 16, |yb(0)| < ρ.

6. Generalizing the twist condition

As in [24], Assumption A5 can be generalized in various ways. For instance,
it could be assumed that for every solution with |yb(0)| = ρ and verifying
zd(0) = zd(T ) one has

xb(T )− xb(0) /∈ {αyb(0) : α ≤ 0} ,

i.e., what we call an avoiding rays condition. Or else, that for some invertible
symmetric matrix S one has

⟨xb(T )− xb(0),Syb(0)⟩ > 0 .

These two assumptions always rely on the solutions whose yb-component starts
from the boundary of the closed ball Bρ. However, the ball could be replaced
by some convex body D in RNb . Assuming a smooth boundary and denoting,
for every υ ∈ ∂D, by ν(υ) the outer unit normal vector to the boundary
of D, we can state the following two conditions generalizing the above ones,
respectively.

Assumption A6. Every solution of (HS) starting with yb(0) ∈ ∂D and veri-
fying zd(0) = zd(T ) satisfies

xb(T )− xb(0) /∈ {α ν(yb(0)) : α ≤ 0} .

Assumption A7. There is an invertible N b×N b symmetric matrix S such that
every solution of (HS) starting with yb(0) ∈ ∂D and verifying zd(0) = zd(T )
satisfies

⟨xb(T )− xb(0) , Sν(yb(0))⟩ > 0 .
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Theorem 3 remains valid if A5 is replaced by either A6 or A7, providing
the existence of M +1 geometrically distinct T -periodic solutions of (HS) such
that yb(0) ∈ D̊. Let now

D = [a1, b1]× · · · × [aNb , bNb ] .

Assumption A5 can also be replaced by the following one.

Assumption A8. Every solution of (HS) starting with yb(0) ∈ ∂D and veri-
fying zd(0) = zd(T ) satisfies

ybi (0) = ai ⇒ xbi(T )− xbi(0) < 0 ,

ybi (0) = bi ⇒ xbi(T )− xbi(0) > 0 ,

for every i = 1, . . . , N b.

In the above Assumption A8, the constants a1, b1, . . . , aNb , bNb can be re-
placed by continuous 2π-periodic functions (see the proof of [24, Theorem
6.2]). We will maintain for them the same notation, and define

S = {(xb, yb) ∈ RNb × RNb

: ai(x
b
i) ≤ ybi ≤ bi(x

b
i) , i = 1, . . . , N b} .

The condition becomes the following.

Assumption A8′. Every solution of (HS) starting with (xb(0), yb(0)) ∈ ∂S
and verifying zd(0) = zd(T ) satisfies

ybi (0) = a1(x
b
i(0)) ⇒ xbi(T )− xbi(0) < 0 ,

ybi (0) = b1(x
b
i(0)) ⇒ xbi(T )− xbi(0) > 0 .

for every i = 1, . . . , N b.

In all the above assumptions the inequalities can be reversed, still preserving
the conclusion of the theorem.

7. The Poincaré–Birkhoff Theorem – II

There is an assumption which generalizes all the above ones, the so-called
avoiding cones condition, highlighted in [15]. In order to state it, let us intro-
duce a C1-function h : RNb → R, and let

D = {υ ∈ RNb

: ∇h(υ) = 0} .

For every υ ∈ ∂D, we define Ah(υ) as the set of those vectors w ∈ RNb for
which there exists a sequence (υn)n converging to υ and a sequence (αn)n of
real numbers such that αn ≤ 0 and αn∇h(υn) → w. It can be seen that Ah(υ)

is a closed cone in RNb .
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Assumption A5gen. There is an invertible symmetric N b × N b matrix M
such that, for some constant C > 0,

|h(υ)− 1
2
⟨Mυ, υ⟩| ≤ C and |∇h(υ)−Mυ| ≤ C , for every υ ∈ RNb

,

and every solution of (HS) starting with yb(0) ∈ ∂D and verifying zd(0) =
zd(T ) satisfies

xb(T )− xb(0) /∈ Ah(y
b(0)) .

Under the above assumption, the set D is non-empty and compact. Here is
our most general result.

Theorem 18. Let Assumptions A1–A4 and A5gen hold true. Then, sys-
tem (HS) has at least M + 1 geometrically distinct T -periodic solutions, with
the property that yb(0) ∈ D̊.

Proof. We can assume without loss of generality that 0 ∈ D. Since D is
compact, there is a ϱ > 0 such that D ⊆ Bϱ. Now we proceed following the
lines of the proof of Theorem 3, introducing the modified system (HSR). Notice
that Lemmas 4 and 5 hold the same, but we need to modify Lemma 6 into the
following one.

Lemma 19. There exist ε > 0 and ε̃ > 0 with the following property: if H̃
satisfies Assumption A1 and is such that ∥∇H̃ − ∇HR∥∞ ≤ ε̃, then for any
solution z of Jż = ∇H̃(t, z), with dist(yb(0), ∂D) ≤ ε and zd(0) = zd(T ), one
has that

xb(T )− xb(0) /∈ {α∇h(yb(0)) : α ≤ 0} .

Proof. We just sketch the proof, being very similar to the one of Lemma 6.
Assume by contradiction that there exist sequences (H̃n)n and (zn)n such that
H̃n satisfies Assumption A1, ∥∇H̃n−∇HR∥∞ ≤ 1/n, zn solves Jż = ∇H̃n(t, z),
zdn(0) = zdn(T ), dist(ybn(0), ∂D) ≤ 1/n, and a sequence (αn)n, with αn ≤ 0,
such that xbn(T ) − xbn(0) = αn∇h(ybn(0)). By Lemmas 4 and 5 we have that
(ybn)n and (zdn)n are uniformly bounded. We can now proceed as in (11), (12)
and find a subsequence which converges uniformly to z̄, a solution of (HS).
Passing to the limit as n → ∞ we have that ȳb(0) ∈ ∂D, z̄d(0) = z̄d(T )
and x̄b(T ) − x̄b(0) = limn αn∇h(ȳn(0)), hence x̄b(T ) − x̄b(0) ∈ Ah(ȳ

b(0)), a
contradiction. □

We now proceed similarly to further modify the Hamiltonian function. The
sets Ωc,d are now defined as

{(t, yb) : t ∈ [0, c] , dist(yb,RNb \D) > d} ∪ {(t, z) : t ∈ ]c, T ] , |yb| < 3R + 1} .
Without entering too much into details, let us just sketch the final argument.
Equation (27) now becomes

xb(0) = x̂b(0) + Tλ∇h(x̂b(0)) . (30)
By Assumption A5gen it is possible to find a constant c̄ > 0 such that

dist(υ,D) > ε ⇒ |∇h(υ)| ≥ c̄ , (31)
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Here is the detailed analysis of the two possible cases.

Case 1: dist(ŷb(0), ∂D) ≤ ε. Since yb(0) = ŷb(0) and zd(0) = zd(T ), by
Lemma 19 we have

xb(T )− xb(0) /∈ {α∇h(yb(0)) : α ≤ 0} .
Then, by (27) and (28), since xb(T ) = x̂b(T ), we have that

x̂b(T )− x̂b(0)− Tλ∇h(ŷb(0)) /∈ {α∇h(ŷb(0)) : α ≤ 0} .
This implies that x̂b(T ) ̸= x̂b(0), in contradiction with the periodicity of ẑ.

Case 2: dist(ŷb(0), D) > ε. By the triangular inequality of the norm and (30)
we have

|x̂b(T )− x̂b(0)| ≥ |Tλ∇h(ŷb(0))| − |x̂b(T )− x̂b(0)− Tλh(ŷb(0))|
= Tλ|∇h(ŷb(0))| − |xb(T )− xb(0)| ,

hence, by (29) and (31),

|x̂b(T )− x̂b(0)| ≥ Tλc̄− (C1 + 1)T .

Taking λ > (C1 + 1)/c̄, we have that x̂b(T ) ̸= x̂b(0), a contradiction.

The proof of Theorem 18 can now be completed as the one of Theorem 3. □

Remark 20. The twist condition A5gen has been analyzed in [15], showing
how it generalizes A5, A6, A7 and A8. For example, in order to see that A5
implies A5gen, it is sufficient to choose D = Bρ, M = −I, and

h(υ) =

{
0 , if |υ| ≤ ρ ,

−1
2
(|υ| − ρ)2, if |υ| > ρ .
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