ON THE MULTIPLICITY OF PERIODIC SOLUTIONS:
EXTENDING LUSTERNIK-SCHNIRELMANN TOWARDS
POINCARE -BIRKHOFF

ALESSANDRO FONDA AND RODICA TOADER

ABSTRACT. We provide a generalization of the Poincaré —Birkhoff theorem
in the framework of Hamiltonian systems when the Hamiltonian can be writ-
ten as the sum of two functions, the first of which is controlled quadratically,
while the second one satisfies some twist assumption. A suitable nonres-
onance condition then allows us to prove a general multiplicity result for
periodic solutions. The proof is variational, and hinges on a new critical
point theorem, proven in the first part of the paper.

1. INTRODUCTION

The Poincaré —Birkhoff planar fixed point theorem was first conjectured by
Poincaré in [33| and then proved by Birkhoff in [4, 5] (see, e.g., [14] for an up-
dated historical survey). Both Poincaré and Birkhoff had in mind applications
of their theorem to the study of periodic solutions of Hamiltonian systems.

With similar motivations but from a completely different perspective, the
pioneering paper by Lusternik and Schnirelmann [30] has been the starting
point in the study of the multiplicity of critical points for functionals defined
on finite dimensional compact manifolds.

It was probably Arnold [3| who first realized the link between the Poincaré —
Birkhoff theorem and the Lusternik—Schnirelmann theory. He also conjectured
some possible higher dimensional extensions of the original planar theorem,
after proving some partial results in this direction.

Taking inspiration from Palais and Smale [32], the Lusternik—Schnirelmann
theory was first extended to infinite dimensions by Schwarz [37], in view of
possible applications to the study of boundary value problems associated with
ordinary and partial differential equations. Later on, in [34] Rabinowitz opened
the way to the use of variational methods for the search of periodic solutions
of Hamiltonian systems. In [8], by a variational method, Conley and Zehnder
established a kind of extension of the Poincaré —Birkhoff theorem to a higher
dimensional setting, while considering the Poincaré map of a Hamiltonian sys-
tem. Their result has been generalized in many ways by several authors, see,
e.g., 6, 12, 18, 26, 27, 29, 35, 38|, using some extensions of the Lusternik—
Schnirelmann theory to infinite dimensions.
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A genuine generalization of the Poincaré-Birkhoff theorem in higher di-
mensions for Hamiltonian flows was provided by the first author and Urena
in [23, 24, 25|, and later further extended jointly with Gidoni in [15, 16]. (See
also [7].) Their proofs rely on variational methods, and in particular on the
critical point theorems provided in [29, 38]. These results found several appli-
cations (see [14] for a review).

It is the aim of this paper to further extend these theorems, so to obtain
a very general multiplicity result for the periodic problem associated with
Hamiltonian systems in any finite dimension. Our Hamiltonian can be written
as the sum of two functions, the first of which is controlled quadratically, while
the second one satisfies some twist assumption. In order to avoid resonance we
introduce an assumption that can be traced back to a paper of Lazer [28] on
conservative systems and to the further developments in [1, 2, 9, 19| regarding
some equations in Hilbert spaces. Hence, from a different point of view, our
main theorem can also be seen as an extension of these results in the framework
of Hamiltonian systems on manifolds with a nontrivial topology, leading to the
multiplicity of periodic solutions.

In order to prove our main result, we first need to develop an abstract
multiplicity theorem for the critical points of some functionals whose domain
X is the product of a separable Hilbert space H and a finite dimensional
compact manifold V. We believe that this result has an independent interest,
being a further contribution in extending the Lusternik—Schnirelmann theory
to an infinite dimensional setting.

The paper is organized as follows.

In Section 2 we state our abstract critical point theorem for a functional
v : X — R of the type

p(z,v) = 5(La,z) — n(z) + (2, v),

where L is a bounded selfadjoint operator on H, n : H — R satisfies some
nonresonance conditions with respect to the spectrum of L, while ¢ : X — R
has a compact gradient with a bounded image. Its proof, which relies on a
generalized saddle point theorem as stated in [26] (see also [29]), is provided
in Section 3. The novelty here lies on the one hand in the introduction of the
function n(z), which was not considered in 26, 29, 38|, and on the other hand
in the term ¢ (x,v) which did not appear in [2, 9, 19].

In Section 4 we state a first version of our generalized Poincaré -Birkhoff
theorem in which, for the reader’s convenience, we adopt a very simple twist
condition. Its proof is provided in Section 5 by the use of the critical point
theorem stated in Section 2.

In Section 6 we review some variants of the twist condition which can be
exploited in order to obtain the multiplicity of periodic solutions. Finally,
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in Section 7 we state and prove our most general extension of the Poincaré —
Birkhoff theorem, under a twist assumption also known as the avoiding cones
condition, which has been introduced in [15].

2. MULTIPLE CRITICAL POINTS

Let H be a separable real Hilbert space. We are working on a manifold of the
type X = H xV, where V is a finite dimensional compact Riemannian manifold
of class C? without boundary. We denote by T X its tangent bundle. Let £,(H)
denote the set of bounded selfadjoint operators in H. We consider an operator
L € L,H), a C'-function n : H — R with gradient Vn = N : H — H
and a C!'-function ¢ : X — R. We look for critical points of the functional
¢ : X — R defined as

o(z,v) = 5(Lx,z) —n(x) +Y(z,v).
Here is our result.

Theorem 1. For some A, B € L (H), with A < B, let the following assump-
tions hold true:

(i) L— (1 —v)A —vB has a continuous inverse, for every v € [0,1];
(i) N — A and B — N are monotone;
(17i) Vo maps bounded subsets of X into relatively compact subsets of T X ;
(iv) the image of Vi is bounded.
Then ¢ has at least cuplength(V) + 1 critical points.

Remarks. 1. If V = T, the M-dimensional torus, then it is well known
that cuplength(T*) 4 1 coincides with cat(T*), the Lusternik-Schnirelmann
category, which in this case is equal to M + 1.

2. In [19] it was proved that conditions (i) and (iz) imply the existence and
uniqueness of a solution of Lx = Nz. This is the case when ¢ = 0.

3. The case n = 0 was settled in [29, 38|, generalizing similar results in [6, 18].

The proof of Theorem 1 is based on |26, Theorem 6.3] which, for the reader’s
convenience, we now recall in a slightly less general version than the original
one.

Let X = F x V, where F is a Banach space and V is a complete connected
Finsler manifold of class C?, and consider a C'-functional f: X — R. Let W
and Z be closed subspaces of E, with E = W @ Z. Moreover, let (W), be a
sequence of finite dimensional subspaces of W, set X,, = (W,, @ Z) x V and
define f, = fi;, : Xp = R.

In this setting, given ¢ € R, we say that the functional f : X — R satisfies
the (PS)} condition if every sequence (&), in X such that &, € X,,, f(&,) — ¢
and df,(£,) — 0 has a subsequence which converges to a critical point of f.

Theorem 2. Assume there exist r > 0 and o < 8 < 7 such that
(a) f(z,v) > B for every (z,v) € Z X V;



(b) f(w,v) < a for every (w,v) € W xV such that ||w| = r;
(¢) fw,v) <~ for every (w,v) € W x V such that ||w|| < r;
(d) f satisfies the (PS)% condition for every c € [3,7].

Then f~Y([B,7]) contains at least cuplength(V) + 1 critical points of f.

3. PROOF OF THEOREM 1
The proof will be divided in four steps.

Step 1. We can assume 7(0) = 0 by simply adding a constant to . Moreover,
we may assume without loss of generality that N(0) = 0, by accordingly
redefining ¢. Following the lines in [11, 19] (see also [13, Sec. 3.6]), we can
slightly modify A and B so to have that S = (B — A) is invertible and hence
to define B

L=S8"*L-%A+B))S2

i(u) = n(S™%u) — (S7V2(A+ B)S~u,u)
and

w(uv U) = w(571/2u’ U) :

Notice that _
Vij=S""*(N - 1(A+ B))S~/?:= N.

Finally, we define o : H x V — R as

Bl v) = Y(Tu,uh — () + Blu,0)

It is easy to see that the critical points of ¢ and ¢ are in one-to-one correspon-
dence. More precisely, (z,v) is a critical point of ¢ if and only if (S 12y v) is
a critical point of ¢. Notice that (i) — (iv) imply the following:

(i) o(L) N [-1,1] = 0;

(ii)) N — I and I — N are monotone,

(431)’ V@Z maps bounded subsets of X into relatively compact subsets of T X;

(iv)’ the image of V4 is bounded.
We will repeatedly use this change of variables in the paper.

Step 2. We first notice that, since the spectrum of L is a closed set which does

not intersect the interval [—1, 1], there exists § > 0 such that o(L) N [—1 —
5,14 ] = (. We consider the spectral resolution (Py) of L and define the

projections
—1-6 +oo
P_ :/ dP, , P, :/ dPy .
—00 1+0
Let
_ —1-0 . +o00
L:/ AdPy L+:/ AdPy
—00 1+46
and set

K=L;""P 4+ (-L_)""?P_.
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Notice that K € L,(H) and || K| < (1 + 6)~'/2. We now perform the change
of variable y = K ~!u. Setting

Ly=KL(Ky), #ly)=a(Ky), ¢(y,v)=1v(Kyv),

and

we see that
zy =Py— Py and ]/\73/ = KN(Ky) :
Then, by (i1), for every y,y € H we have
(Ny = Ng.y =) = (KN (Ky) — KN(K5),y — )]
= [(N(Ky) = N(Kg), Ky — Kg)|
<||Ky - Kg|*
< [IK11lly - 9lI”
< (1+8)7Hly -9l

We then deduce that N is Lipschitz continuous with Lipschitz constant (144) !
(see, e.g., |13, Lemma 3.6.3]). Notice also that 77(0) = 0, and N(0) = 0. Finally,
1 maintains the properties stated in (i) and (iv)'.

We remark that (u,v) is a critical point of @ if and only if (K tu,v) is a
critical point of the functional @ : X — R defined as

Py, v) = L(IPryll® = |1 P_yl]®) — iy) + d(y,v).
Notice that
Vyd(y,v) = Ly — Ny + V,ib(y,v) , (1)
V,p(y,v) = Vyib(y,v) .

Step 3. We are now looking for critical points of the functional @. Let us first
verify the geometrical setting of Theorem 2. Taking F = H, W = P_(H),
and Z = P,(H), we fix an orthonormal basis (e,),>1 of H and set W, =
W nspler,...,en), Hy =W, ® Z, and X,, = H, x V. We will also need the
orthogonal projection P, : H — H,,.

Let us determine a constant § for which (a) holds. If z € Z, using the
fact that N is Lipschitz continuous with Lipschitz constant (1 + 6)~!, since
7(0) = 0, and N(0) = 0, we have that 7(z) < $(1+0)7!||z|*. Hence, since v
has a bounded image, there is a constant d > 0 for which

P(z,0) = g2l = 5(1+0)7Hl2l® — d(ll=l + 1)
§

= o gyl — izl + 1)
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This last expression has a minimum equal to some 8 < 0. Similarly, if w € W,
we have that

Plw,v) < lwl* + d([lw] +1).

)
2(1+49)
Taking, e.g., « = 2 and r > 0 large enough, we have that a < § and (b)
holds. Moreover, if ||w| < r, then P(w,v) < d(r + 1) := 7, so that (¢) also
holds.

Step 4. Condition (PS)? for the functional @ holds for every ¢ € [3,7].

Indeed, let (&,), be a sequence in X satisfying &, € X,, (&,) — ¢ and
dpn(€n) — 0 (recall the notation @, = @), : X, — R). We write &, = (yn, vn)
with y, € H, and v, € V. Hence vy, = w, + 2, with w,, € W,, and z, € Z. We
are assuming that

vy@n@na Un) = any{a(yn, Un) — 0. (2)
Notice that, by (1), since P,L = LP, and Py, =y,
any@@m Un) = Zyn - Pn]/\\[yn + any{/;(ym Un) . (3)

Since the image of V'(Z is bounded, there is a constant ¢ > 0 such that
122V y@(Yns vn) — PaVyth(yn, vn))|| < €.
Then, since L= = L, and ||L|| = 1, from (3) we deduce that
ynll = 1L (PaN Y + PV y@(Yn, vn) = PVt (yn, va)) |
< IZHNUPaNyall + ) < I[Nyl +2 < (1+0) " lyall + ¢,
and we conclude that (y,), is bounded.

Hence, using also the fact that V is compact, we can find a subsequence
of (&,)n, not to be relabelled, such that y, — y (weakly in H) and v, — 7,

for some y € H and v € V. Moreover, by (ii7) for ¢» we may assume that
(VY (yn, vn))n converges.

By (2), and (3) we have that
Yn — Pnf’lf\\fyn + PRZ’lvyﬁ(yn, v,) — 0. (4)
Similarly, since P,V,@(y,7) = V,@(y,v), by (1) we have that
Poj— P,L7'Nij+ P,L7'V (3, 0) — L'V, 3(5,0) . (5)
From (4), (5) and the weak convergence of y, to 7, we obtain
<[yn — Pnf_llvyn + Pnz_lvyz/b\(yn, vn)]

— [Py — P,L7'Ng + P,L7 'V, 0(5,0)] , yn — g> 0.
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Using the fact that P,y — 7 and that (VyQZ(yn, Un))n converges strongly, this
implies that

lyn = 911° = (Pa(L™' Ny, — L7 Ng), yn — 5) = 0.
Since
[(Po(L™ Ny = LNG) g = 9] < | Pu(L7 Ny = LT NG| Iy — 7
<L Ny — LNy [y —
<L Ny = Ngll [y — 3
< (1 +0) "y — 4l
we conclude that ||y, — g|| — 0.

It remains to be proved that Vgo(y, v) = 0. We know that y, — 9, v, — 0,
hence Ly, — Ly, Ny, — Ny, and V@D(yn, Up) — Vw(y, v). Then,
PnNyn = Pn(Nyn — Ngj) + PnNg — N@,

and

-~

PNy (yn, ) = Po(Vyt(yn, vn) — V0 (5,9)) + PuVyih(5,0) — Vo (3, 0)

hence,

vy@n(%’u Un) = Eyn - Pn]/\\fyn + any{b\(ym Un)
— Ly — Ny + V,9(y,0) = V,0(,0) .
Since V@ (Yn, v,) — 0, we have that V,p(y,v) = 0. Finally,
Vv@n(:(hu Un) = Vv@(yna Un) — vv@(ga 6) )

and since V@, (Y, v,) — 0, we have that V,@(g,v) = 0. We have thus proved
that Vo(y,v) = 0.

Therefore, since all hypotheses of Theorem 2 are satisfied, we conclude that
©1([B,7]) contains at least cuplength())+1 critical points of $, and the proof
is thus complete.

4. THE POINCARE-BIRKHOFF THEOREM — [

We consider the Hamiltonian system
Jz=VH(t, z), (HS)

where H : [0, 7] x R?Y — R is continuous and VH, its gradient with respect
to the second variable z, is also assumed to be continuous. Here J = (? I’ )
denotes the standard symplectic matrix. As in usual practice, the solutions
satisfying z(0) = z(7T") will be said to be T-periodic.



Following [16], for = € R*¥ we use the notation z = (z,y), with z =
(1,...,2y) € RYN and y = (y1,...,yn) € RV, and we gather into four groups
the variables of x and y, respectively, thus writing
Latat), oy =yt Y,

where, for some nonnegative integers N¢ N°® N¢, N we have

r= (2%

2% = (29,...,7%.) € RN % = (y&, ..., 9y%.) € RN
xb:(xl{,...,xl]’vb)ERNb, yb:(yll’,...,yé’vb)eRNb,
¢ = (25,...,25%.) € RN, o= (v5,...,y%.) € RV,
xd:(x‘ll,...,levd)eRNd, yd:(yf,...,yjl\,d)ERNd.

When one or more of these integers is equal to zero, the corresponding group
will not be taken into account; for example, if N¢ = 0, then x® and y* will
disappear from the list. We also introduce the notation

a c d

z = ($a7ya) ) Zb = (xbayb) y 2= (xc7yc)7 = (xdayd) .

We will use these notations throughout the paper. Let us now introduce our
assumptions.

Assumption Al. The Hamiltonian function H(t,x,y) is 2w-periodic in each
of the variables included in x*, z°,y*, and y°.

The total number of variables in which our Hamiltonian function is 27-
periodic is thus M := N® + N® + N® 4 N¢. Gathering together the variables
in which H(t, z) is 2m-periodic, let us introduce the notation

= (a2’ ), 2= (0t (6)
so that we are allowed to write z = (2P, 27P).

In this setting, T-periodic solutions z(t) of (HS) appear in equivalence classes
made of those solutions whose components in z?(t) differ by an integer multiple
of 2m. We say that two T-periodic solutions are geometrically distinct if they
do not belong to the same equivalence class.

In order to simplify the exposition we will only deal with the case when
N¢ = 0. There is no loss of generality in doing this, as can be seen by simply
introducing the new variables 2° = (2%, —y°), §* = (2,9"). Hence, from now
on, M = 2N+ N° and z = (z,y) with x = (2%, 2% 2%) and y = (v, 1°, y%).

We now introduce the specific structure of our Hamiltonian function.
Assumption A2. The function H can be written as
H(t,2) = F(t,2%) + K(t, 2),
where K has a bounded gradient with respect to z.

We need to have a control on the gradient of ' with respect to its second
variable, denoted by VF'
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Assumption A3. There exist two continuous functions A,B : [0,T] —
L,(R2N) such that

(A(t)(u—v),u —v) <(VF(t,u) = VF(t,v),u —v) < Bt)(u—v),u—v),
for every t € [0,T] and u,v € R2N",

Under the above assumptions, the solutions of initial value problems asso-
ciated with (HS) are globally defined. Indeed, by [13, Lemma 3.6.3|, one has
that VF is Lipschitz continuous, and hence VF(t,2¢) has an at most linear

growth in z%.

Here is our nonresonance assumption.
Assumption A4. For every p € [0, 1], the only T-periodic solution of
Ju=(1—p)Alt)u+ puB(t)u
15 the trivial one u = 0.

The following last assumption may be referred to as a “twist condition”. It
will be further discussed and generalized later.

Assumption A5. There ezists p > 0 such that every solution of (HS) starting
with |y°(0)| = p and verifying z4(0) = 2%(T) satisfies

(x"(T) — 2*(0), 4°(0)) > 0.
Here is our result.

Theorem 3. Let Assumptions A1-A5 hold true. Then, system (HS) has at
least M + 1 geometrically distinct T-periodic solutions, such that |y°(0)] < p.

The proof is provided in the next section. Some remarks are in order.

1. Assumption Al will be used to obtain, after identifying R/27Z with the
unit circle, the M-dimensional torus T¥, whence the number of T-periodic
solutions we find. Indeed, the application of Theorem 1 will provide us at
least cuplength(T™) + 1 = M + 1 solutions.

2. In [24] the case F' = 0 was treated. Instead of Assumption A2, it was re-
quired that the solutions starting with |y°(0)] < p be globally defined on [0, 7.
However, such an assumption permits to truncate the Hamiltonian function
when |y°| is sufficiently large, so to recover, also in view of Assumption 1, the
boundedness of the gradient of K with respect to z.

3. The case A(t) = B(t) was treated in [16], where F'(t,u) = $(A(t)u,u). On
the other hand, the case when VF(¢,u) = D(¢, u)u for some symmetric matrix
D(¢, u) has been treated in [20], assuming that A(t), B(¢) are constant matrices.
In both cases, our twist condition in Assumption A5 is much less restrictive
than those assumed in [16, 20]. For example, in [16] the strict inequality was
required to hold for all those solutions starting with [4°(0)| € [p,p + §], for
some small § > 0, and in [20] it was assumed for a whole family of systems.

Also the fact of restricting it to those solutions satisfying z%(0) = 24(T) is
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new. In view of our Theorem 3, the results in [17, 20, 21, 22, 31, 39| are thus
consolidated.

4. If F is twice differentiable with respect to the second variable, then As-
sumption A3 is equivalent to

A(t) < F!(t,u) <B(t), foreveryte[0,T]and ue€ RV,

Notice that, in this case, assuming without loss of generality that VF(¢,0) = 0,
one can recover the structure VF (¢, u) = D(¢, u)u, for some symmetric matrix

D(t, u).

5. In the case when A and B are constant, Assumption A4 is equivalent to

U J((l—p)JA—{—uJB) ﬂ%iZz@.
nefo,1]

This condition is equivalent to the one introduced by Lazer in [28] when dealing
with second order differential systems.

6. Assumption A5 has several variants and generalizations, which will be
discussed in Section 6. For the reader’s convenience we decided to present it
here in a simple form, in order to have a clear geometrical insight.

5. PROOF OF THEOREM 3

In the following we will deal with vector valued functions defined on [0, T7.
However, in order to keep a lighter notation for the needed function spaces,
we will not specify the dimensions, and just write, e.g., L2(0,T), H'(0,T), to
denote them.

Let us emphasize that we do not require uniqueness for initial value prob-
lems, something which could be ensured by assuming some more regularity in
the Hamiltonian function. We could prove the existence of T-periodic solutions
by passing to the limit in a regularization argument; however, multiplicity is
usually lost in this procedure because it may not be easy to show that the dif-
ferent solutions do not collapse in the limit. We then need a different approach,
which will follow the ideas in [24, 25| and [16].

The proof is divided in six steps. We will first modify the Hamiltonian
function, so to enter in the functional setting of Theorem 1. After having
obtained the multiplicity of T-periodic solutions for the modified system, we
will show that they are indeed solutions of the original system, thus concluding
the proof.

5.1. Modifying the Hamiltonian - I. Let p > 0 be the constant introduced
in Assumption A5. Following [16], we consider, for any R > p+1, a C*°-smooth
function ag: R — [0, 1], with

(s) = 1, ifs<R,
=0, ifs> 3R,
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and such that
—s 1 <djp(s) <0, foreverys>R. (7)
Recalling the notation 2™ introduced in (6), we define the function
Kr(t,z) = ar(|z ") K(t, 2),
and the corresponding Hamiltonian function
Hr(t,2) = F(t,2%) + Kg(t, 2).
By Assumptions Al, A2 and (7), it can be easily seen that VKp is bounded,
independently of R, i.e., there is a constant C; > 0 such that
IVKg(t,2)| < Cy, forevery (t,2) € [0,T] x R* and R>p+1. (8)
We now consider the system
JZ=VHg(t z). (HSg)

In the following two lemmas we prove some preliminary estimates.

Lemma 4. There exists Cy > 0 such that, if H satisfies |VH — VHg|oo < 1,
for some R > p+1, and z is a solution of Jz = VH(t,z), with [y°(0)] < p+1,
then ||y°]|oe < Cs.

Proof. Since VKg is bounded independently of R, we have that 5°(¢) is uni-
formly bounded, and the conclusion easily follows. O

Lemma 5. There exist C3 > 0 and € €0, 1] such that, if H satisfies HV?I -
VHglleo < E, for some R > p+1, and z is a solution of Jz =V H(t, z), with
24(0) = 24(T), then ||2%]|« < Cs.

Proof. Assume by contradiction that there exist sequences (Hy)n, (Rn)n and
(zn)n such that ||VH, —VHg, |l < 1/n, R, > p+1, z, solves Jz = VH,(t, z),
z2(0) = 24(T), and [|2¢||oc > n. Then, we have that

Jin = VE(tz) + fu(t), (9)

where (f,,), is a uniformly bounded sequence of continuous functions. In the
Hilbert space of L2functions u : [0,7] — R*M* we define the selfadjoint oper-
ator £ : D(&) C L*(0,T) — L?(0,T) by setting
D(Z)=Hy={ue H(0,T): u(0) =)}, Lu=Ju.
Define moreover the following operators in L*(0,T):
(u)(t) = At)u(t), (Bu)t) =B@)u(t), (Au)(t)=VE({ u(t)).
Then,
L= N4 f.

Notice that o/, & are bounded, selfadjoint, and o7 < . Moreover, since our
assumptions remain valid after replacing A(t) by A(t) —el and B(¢) by B(t)+el,
with € > 0 small enough (see, e.g., [13, page 66]), we can assume without loss
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of generality that . = %(,%’ — /) is invertible. Then, setting w, = .#/22¢
and defining

L= VNL =M+ B)ST N = SVAN — LA+ B) S

>
and ﬁ = .7~ Y2f, we have that w, solves
gwn = jwn + ﬁ .
Notice that (f,), is uniformly bounded. Moreover, N = Vij, with
i(w) = n( "V 2w) = YV (o + B)S 7V Pw,w) .
We then see that both I + .4 and I — A are monotone, and
o(L)N[-1,1]=0.

By [13, Lemma 3.6.3|, N is Lipschitz continuous, with Lipschitz constant 1.
Moreover, ||-£7!|| < 1. Then, we can write
wn:og_ljwn“‘oé’?;lﬁ%a
whence one easily sees that (wn)n is bounded in L?(0,T). Therefore, being
24 = §1/2,, we have that (z%), is bounded in L?(0, 7). Since 2% solves (9),
[0

this sequence is bounded in H'(0,T'), hence also in C([0, T]), contradicting the
above assumption that 24|/, > n. O

We now fix
R :=max{p+1,Cy + Cs}. (10)
The following lemma shows that the twist condition in Assumption A5 con-
tinues to hold for those solutions satisfying p — e < |4°(0)| < p+¢, with e > 0

small enough, provided that the z%-component has the same values at 0 and
at T

Lemma 6. There exist € €]0,7[ and € €0, 1[ with the following property: if
H satisfies Assumption A1 and is such that HV?[ — VHrgl|le <&, then for any
solution z of Ji = VH(t,z), with |y*(0)| € [p— e, p + €] and z%(0) = z4(T),
one has that

(@*(T) — 2°(0),4°(0)) > 0.

Proof. Assume by contradiction that there exist sequences (H,), and (z,)n
such that H, satlsﬁes Assumptlon Al, ||VH VHRHOO S 1/n Zn solves JZ =
0. By Lemmas 4 and 5 we have that ||yZHOO < (y and, for n large enough,
|2¢]|s0 < Cs. Let now 22(t), 2% (¢) be such that

20(t) — 2%(t) € 2nZN", 29(0) € [0, 27N, (11)

n n

() — 2t (t) € 272N, 20(0) € [0, 2] (12)

n n

By Assumption Al, the function 2, = (2¢,22, 2%, 9%, 4%, 9¢) is a solution of

Jzi = Vﬁ[n(t, z), and since V Kp is uniformly bounded, the sequence (Z,), is
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also uniformly bounded. Hence, (2,), is bounded in C'([0,7]), and by the
Ascoli-Arzela theorem we can find a subsequence which converges uniformly
to some z = (2%, 2%, 7%, %, i°, 4%), a continuous function. A standard argument
then shows that z is a solution of (HSg), with [|7°|| < Cy and [|2%||s < Cs.
Then, by (10), z is a solution of (HS). Moreover, passing to the limit as
n — oo we have that |5°(0)| = p, 24(0) = z%(T) and (z*(T) — z°(0), 3°(0)) < 0,
a contradiction with Assumption A5. O

From now on we will assume ¢ € |0, min{1, p}|.

5.2. Modifying the Hamiltonian - II. We will now need to further modify
our Hamiltonian function in order to gain some more regularity. For some
small constants ¢ €0, and d € [0, [, let us introduce the notation

Qea={t,1") :te0.d, [y’ <p—dyU{(t,y") :t €le,T], |y"| < 3R+ 1}.

b

YA
3R+1
p—d{
0 c T\ ¢t
p—d{
3R+1

FIGURE 1. The set Q.4

These are relatively open sets in [0,7] x RY (see Figure 1). Notice that, if
d <cand d <d, then
Qc,d - Qc’,d’ .

We will also need the corresponding sets

OF = {(t,2) €0, T] x R* : (t,y") € Qua},
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which are relatively open in [0, 7] x R*V.
We start with the following observation.

Proposition 7. There exist some small 6 €)0,1[ and & €10, 1] with the follow-
ing property: sz satisfies Assumption A1 and is such that ||VH VHR|le <
g, then for any T-periodic solution z of Jz = VH(t, z), with [y°(0)| < p, the
graph of z lies in Qgﬁ.

Proof. By contradiction, assume there exists (H In satlsfymg Assumption Al
and |VH, — VHg|w < 1/n, and such that J = VH,(t, z) has a T-periodic
solution z, with |42 (0)| < p, whose graph exits Q% ,. We can now proceed

n (11), (12), and by a compactness argument find a subsequence which
converges uniformly to a T-periodic solution z of (HSg), with |y°(0)] < p. By
Assumption A5 it has to be |y°(0)] < p. By Lemma 4 and (10), this solution
surely satisfies |y°(t)| < 3R+ 1 for every t € [0, T]. Hence, for n large enough,
the graph of z lies in Qﬁl 1, which is an open set. Then, since the sets Qﬁl 1

n’n n'n

become larger as n increases, also the graph of z, will lie in Qﬁl ., for n large

enough, a contradiction. O

Clearly enough, the constants € €10, 1[ in Lemma 5, Lemma 6, and Propo-
sition 7 can be taken to be the same.

As in the proof of Lemma 5 we can assume that S(¢) = 1(B(t) — A(¢)) is
invertible, for every ¢ € [0, 7] so that, defining

G(t,w) = F(t,S(t)"Y?w) — %(S(t)*l/z(.&(t) + B(t)S(t) 2w, w)
by Assumption A3 we have that its gradient with respect to the second variable,
VG(t,w) = S(t) 2[VEE,S(t) " ?w) — L (A®) + B(t) S(t)~V?w]
is Lipschitz continuous with Lipschitz constant equal to 1.

For every positive integer n, let G, : [0,T] x R*M — R and K, : [0,T] x
R*Y — R be C*-smooth functions such that

|G = Gl <1/n,  [[VG, = VGl < 1/n,

|Kn — Kglloo <1/n, ||[VK, —VEKg|w <1/n.

Recalling that VG is Lipschitz continuous, also VG,, can be chosen as such,
with the same Lipschitz constant (see, e.g., [10, Section 4.1]), i.e., VG, (t,w) is
Lipschitz continuous with respect to w with Lipschitz constant equal to 1. We
can also assume K, (¢, z,y) to be 2m-periodic in each of the variables included
in 2% 2%, and y*. Finally, recalling that Kx(t,z) = 0 when |27P| > 3R, we can
assume without loss of generality that also K, (¢, z) = 0 there.
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We now need the sets
Qea = {(t,0") € 10,d], |y < p—d}U{(t,y") : t €]e, T, |y’| < BR+2}.
where ¢ €]0,7] and d € [0, p[, and the corresponding sets
QF = 1{(t,2) €[0,T] x R*N : (t,4") € Qe .

Let m : [0,7] x RN" — [0,1] be a C®-smooth function such that

(t b)_ O, 0119575,
TEYTTAL on (10.7) xR\ Qs s

where ¢ > 0 is the constant given in Proposition 7, and define

Galt,y",w) = (L= m(t,y")G(t, w) +m(t,y")CGu(t,w),

Ku(t,2) = (1 —m(t, ") Kr(t, z) +m(t, y*) Ka(t, 2) .
Proposition 8. Given € €10, 1], the gradient of the function én(t, Y, w) with
respect to (y°,w) is Lipschitz continuous with Lipschitz constant 1+ ¢, when n
15 sufficiently large. Moreover,

K,(t,z)=0, i |27 >3R. (13)

Proof. Notice that oG, /Ow is Lipschitz continuous in w with Lipschitz con-

stant equal to 1, while G, /0y® is Lipschitz continuous in y® with Lipschitz
constant smaller than e €]0,1[, when n is large enough. Hence, for every

(47, wi) and (y5,ws),
IV i Gt 98 1) =V g, Gl (95, w5) | <
< IV gy Gl s wn) = Vg Gl 3, w1)| +
+|v(yb,w)én(ta yg,ﬂh) - V(ybvw)én(t, yg, ws)|
< elyy — ys| + [wy — wy
< (14 €)(Jy) — o5 + Jwr — wyl?)

The first part of the Proposition is thus proved. The second part is a direct
consequence of the construction of K and K,,, since K, is a convex combina-
tion of the two. O

1/2

Finally, set
Fu(t,y’,2%) = Galt, 9", S(0"°2%) + F((A(1) + B(r))2%, 2%,
and _ N N
Ho(t, 2) = Fu(t, g, 2% + K, (t, 2) .
Notice that 'ﬁn satisfies Assumption Al,
Ho(t, 2) = Hg(t, z), for every (t,2) € Q(ﬁm, (14)
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and lim,, |VH, — VHg|ls = 0. We can thus assume n sufficiently large in
such a way that

IVH, — VHE|o < &, (15)

where € €10, 1] is the constant appearing in Lemma 5, Lemma 6, and Propo-
sition 7.

We now consider the system
Ji=VH,(z2). (HS,)
The following estimate will be needed.

Proposition 9. There exists a 7 €]0,0/2] such that, for any solution z
of (HS,,), one has

)
[y°(t1) — 4 ()] < 3 for every t1,t5 € [0, 7].

Proof. By (8) and (15), we have

OH,,
0] = | T2 0,5(0)| < G2 for vy 1 0.7).
with £ €0, 1[. The conclusion easily follows. O

We now define the function 3 : ([0,7] x R?V) \ @ié — [0,T] x R*N as
4

3(t,¢) = (t,2(t,()), where Z(t,() denotes the solution of the initial value
problem

2(0)=¢. (16)

We write ¢ € R*Y as ¢ = (£,1), with
§= (£a>€b7§d> ) U= (ﬁav ﬁbv ﬁd) :
The function 3 is well defined. Indeed, if (¢,¢) € ([0, T] x R?M)\ ﬁg s, we have

two cases. Either ¢ € [0,7] and [¢°| > p— 2, or t €]7,T] and [0°| > 3R + 2.

In the first case, if z is a solution of (16), by Proposition 9 one has that for
every s € [0,1] the trajectory (s, z(s)) remains in ([0,7] x R2M)\ O ,, hence
T2

{Jz' = VH,(t, 2)

in ([0, 7] x R2¥)\ Q% ,, where we have the uniqueness of the solutions of (16),
22

since on this set the function m is constantly equal to 1 and 7-[n is a C*°-smooth
function. In the second case, when ¢ € |7,T] and |¢| > 3R + 2, the solution z
of (16) is such that y° is constant, hence again for every s € [0, ] the trajectory

(s, 2(s)) remains in ([0,7] x R?N) \ Qﬁg%
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We also use the notation Z,(¢) = Z(t,(), so that
Let us define, for ¢ €]0, 7] and d € [0, 3], the sets
=Ea=3((0, 7] x RPN QL)

Since 3 is a C*®-diffeomorphism from ([0,7] x R?V) \ Qﬁ 5 to _ﬂ 55 We can

consider its inverse
3=

Notice that 371(¢,2) = (¢, Z,1(2)).
Let v: R — R be a C*-function such that

— ([0, T] x R*M)\ &,

8
'

v(s)=0 ifs<p, ~(s)>0 ifs>p,
1
Y(s)>1 ifs>p+e, 7(3):2—32 ifs>p+1,
p

where € € |0, min{1, p}[ is the constant introduced in Lemma 6.

Proposition 10. Let 7 > 0 be the constant provided by Proposition 9. There
exists a C>-smooth function v : [0,T] x RN" — R such that

(a) r(t,9°) =0 on Qs o;
(b) + fo (t,9°) dt = ~(|0°]) for every (t,9%) € [0,T] x RN";
(c) r(t,9°) = ~(]9°|) when [9°| is large enough.

We define ry : [0,T] x R* — R as r4(¢,¢) = r(t,9°).

Proof. Choose some i > 2(3R+2)/7. Let u: R — R be C*-smooth and such
that

u(s)=0if s <0, wu(s)=1ifs>1, wu(s)€]0,1] if s €]0,1],
and define, for (¢,9°) with |9°| > max{p, mt},

ety — i =)

v([9°]),
TfO u(|9b| — ms) ds (1)

while 7(t,19°) = 0 otherwise. It is C*°-smooth and properties (a), (b), and (c)
are readily verified. O

For A > 0 sufficiently large, to be determined later, let Ry : [0, T] x R?N — R
be defined by

r 1z i =
% (t Z):{)\ ﬁ(tht ())7 f(t7 )G 7,0 (17)

0, if (t,2) ¢ Z,.
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Proposition 11. The function Ry is C*-smooth. One has that
Rt 2) = Mr(t, ),  if |y’ > 3R. (18)

Moreover,

Rt 2(0) = Mny(t, ), if (1.0) £ 5. (19)

Proof. One verifies that R, is C*°-smooth using property (a) in Proposition 10.
In order to prove (18), let z € R?" be such that |y*| > 3R. If t € [0,7] or
ly| > 3R + 2, since by (13),

oH, (t.2) K,

- z) = ——

Oxb 7 Db
the equality surely holds, by definition (17), since the 3*-component of Z;*(z)
is constant in time and equal to y” there. On the other hand, if ¢ € |7, T] and
3R < |y°| < 3R+ 2, then Ry\(t,2) = 0 by definition (17), and r(¢,4°) = 0 by
(a) in Proposition 10. Hence, (18) is proved.

(t,Z):O,

~—

Finally, let us verify (19). The equality is surely true, by definition (17
if (£,¢) ¢ Q. On the other hand, if (£,¢) € Qf,\ QF ,, then (¢, Z,(()
4

)
EﬁT s \Eﬁﬂo, hence R, (¢, Z;(¢)) = 0 by definition (17), and r4(¢,{) = 0 by (a) in
4
Proposition 10.

)

m

O

Finally, set
Ha(t, z) = Halt, 2) + Ri(t, 2) .

Notice that ’;Q,\(t, x,y) is 2m-periodic in each of the variables included in 2%, 2°,
and y*. We will now look for T-periodic solutions of the system

Ji = VHA( 2). (HS,)

5.3. The functional setting. In this subsection we will find the T-periodic
solutions of system (ﬁé ) as critical points of a suitable functional, by the use
of Theorem 1. We look for solutions whose components belong to the space
H%/ ? which we now briefly recall.

It is well known that every f € L?(0,T) has a Fourier expansion

f(t) _ Z fke%ikt/T,

kEZ

where f, € C. The set H%/ ? is made of those functions f € L2(0,7T) for which
> @+ k) [fil® < +oo.

keZ

For f,g in H}/ * we define the scalar product
(f.9) = S+ kD) fudh

kEZ
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where g; is the complex conjugate of g, and the corresponding norm
N1/2
170 = (D + kD) 1xl?)
keZ
The dual space H "2 can be identified with H%/ ? via the Riesz isomorphism
R: HY* — H'?
which, in Fourier coefficients, acts by
R({f}) ={Q+1kD fi}, R ({@}) = {1+ k)" g,

It is convenient to write the components of z(¢) involved in the periodicity
Assumption 1 as 2P(t) = zP + ZP(t), where zF = 1 fo 2P(t)dt. Hence the

components of zP belong to ﬁ}/ 2, the subspace of functions Wlth Z€ro mean.
By Assumption Al, we can identify zP with an element v of the set

V=T x TV x {0} x TV x {0} x {0},
which in turn is identified with the M-dimensional torus T . The function
X(t) = (2°(), 2°(t), (1), ° (1), (1), y" (1))
is an element of the Hilbert space
H = [ [ ) s (2 [ x [y
With this notation, we have
2(t) = v+ X(t).
Our functional ¢ : H x V — R will be of the type
P(X.0) = H{LX.X) — n(X) + % (xv).
Let us now explain the meaning of the three elements in the above sum.
For any X € H, it will be now convenient to write X = (X%, X, Xd), with
Xt= (390, X'=@"y"), x'=(@"%y").

As usual, we can assume without loss of generality that S(t) =
is invertible. We introduce the linear operators A, B € L,(H) a

(AX)(t) = (0,0, =(1 + €)y"(t)), (A(t) — eS(H))X(t))
(BX)(t) = (0, (0, (L + )y’ (1)), (B(t) + eS()X“(t)) .

for some sufficiently small € > 0.

3(B(t) — A(t))
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Define the symmetric bilinear form B : [HA2Y x [HL?N — R as

E(x,w):/o <JX(t),w(t)>dt+%/0 (1), b(t)) dt

It can be seen that it is continuous with respect to the topology of [H%/ 22N

[H%/ 2]2N , hence it can be extended to [, maintaining the same notation. We
can then define the operator L € L (H) as

(LX,w) = B(X,w).
Proposition 12. If ¢ €]0, 1] above is small enough, then L — (1 —v)A —vB
has a continuous inverse, for every v € [0, 1].
Proof. If (L — (1 —v)A—vB)X =0, then
JX"=0, 2 =ayb, P=0,

with o = (A/p) + (1 +€)(1 — 2v), and
JXT = (1= v)(A®) — eSE)X + v(B(t) + S(t)) X"
Since X“ is constant and belongs to [f[}/ 2] QNa, it must be identically equal to

zero. Even 4’ is constant, hence also 2°. Being #° periodic, this implies that
b

. b

2% = 0, hence 2% is constant and y* = 0. But since #° € [H%M]N , it has to
be #° = 0. On the other hand, by Assumption A4, using the argument in [13,
page 66]), for € small enough one must have that x¢ = 0.

We have thus shown that the kernel of L — (1 — v)A — vB is trivial. Since
this is a selfadjoint operator with closed range, the conclusion follows. U

Hence, (i) in Theorem 1 is verified. In the following, we will always assume
n to be large enough so that Proposition 8 applies, with € €10, 1[ given by
Proposition 12.

Define now n: H — R as

n(x) = / Bt o (1), X%(1)) dt

It is well defined, since ﬁn has an at most quadratic growth in its variables.
Proposition 13. Setting N = Vn, we have that N — A and B — N are
monotone.

b

Proof. One easily shows that, for h = (¢, @°, u?, 9%, v°,v?) € H, writing h¢ =

(ud, v?),

T
<V77(X)7 h> = /0 <v(yb,zd)Fn(t7 yb(t)v Xd(t))v (Ub(t)v hd(t>>> dt.
Notice that, for every (¢,4°, 24) € [0,T] x RN" x R2V,
Vo Fu(t, b, 2%) = VGt 4", S(t) V229,
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while
V.aF(t,y’, %) = S(t)YV2V.aGo(t, 4*, S()/22%) + L(A(t) + B(t))2¢
Define the matrix
I 0
M) = ( S(t)1/2> '
Let us prove that B — N is monotone by showing that
<[Vn(x1) — BXy] — [V(Xs) — BXa], X1 — x2> <0,

for every Xi,Xs € H. Recalling Proposition 8, not writing the t’s to simplify
the notation, we have

([Vip e Falth ) = (14 )k, (B + e8)21)] —
[V Fulth 2) = (14 b, B+ 9)29)], (), 20) — (1, 28) )
= (Voo Pt 1) = Vi Fuluh ), (0 = v, 24 — 29)) -
—(L+ )yt — o — (B + eS)(=f — 25), 28 — =)
— (MY Gy}, 8228 = MV oy Gin (95, 8V228), (o — o, 24 — 28) )
+1((A+B)(2 - 28), (24 - 28) )
—(+ )yt — ol — (B + eS)(=f — 25), 28 — =)
= (Vi oG (9, 8V228) = Vo ooy Gl SY229), (4} — i, 8224 — §12:4)) )
—(+ Oy} — ybl? = (1 + (S(f = 28), (24 — 20))
< (1+)l(h — 93,8244 — §/224)2

—(L+ Oyt —ws* — (1 +)|S72(2f = 2)]> = 0.
Similarly one shows that
(IVn0) = 4] = [V3(%) = 6] = X2} = 0,
for every X, Xy € H, thus completing the proof. O

Hence, (i7) in Theorem 1 is verified.

Finally, let ¢ : H x V — R be defined as

zp(x,v):/o [I?n(t,v%—x(t))—i—‘ﬁA(t,v%—X(t))—%|yb(t)\2 dt .

Notice that, by Assumption Al, the integrand is periodic in the variables
included in x2, 2°, y* and, by (13), K, (t,v+X(t)) vanishes if [[v+X ()] ?| > 3R.
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Hence, the functional

Pi(X,v) = /OT Ko (t, v+ X(t)) dt

is well defined, its gradient V4, has a bounded image, and by [36, Proposition
B.37] it maps bounded subsets of X into relatively compact subsets of T X.

We now consider the functional

(o) = [ [eo+x(0) = S 0F] .

so that ) = ¢ +1. By (18), property (¢) in Proposition 10, and the definition
of v(|y°|), when |y?| is large enough we have that

A A
Rt 2) — 2—/)|1/’\2 = Mr(t,y") — 2—/)be\2 =M (") — be\2

On the other hand, we claim that R, (¢, z) and VR, (¢, z) are bounded when
y” belongs to a bounded set, say Y. Indeed, consider Z;*(z), which coincides
Wlth some ( such that Z(t, C) = z. In order to compute R (¢, z) we must only

look at the y’-component of this solution Z(t,() of (HS,). We know that K,
is C*°-smooth, and by (13) again, once we compactify the zP-variables, we have

that not only K vanishes outside a compact set, but also its gradient VK
and its Hessian, as well. This implies that both R,(t,z) and VR, (¢, z) are
bounded when 3* € Y?. It follows from the above considerations that also 1,
is well defined and satisfies both (ii7) and (iv) in Theorem 1.

Consequently, we may apply Theorem 1, which guarantees the existence of
at least M + 1 critical points of ¢. A standard argument then shows that they
are geometrically distinct T-periodic solutions of (HS)).

5.4. Towards the end of the proof. In order to conclude the proof it re-
mains to show that, if A > 0 is large enough, the T-periodic solutions of (HS,)
found above are indeed solutions of (HS).

Let Z be a T-periodic solution of (I-/I\SA) We write 2(t) = (&(t), y(t)), with
() = (@°(1),2°(t), 2"(1)) . 9t) = (§"(1).9°(1). 9*(1)) -
)l

By contradiction, assume that |7°(0)] >
to be [§°(0)| < 3R + 1.
Indeed, if by contradiction |§°(0 )] > 3R + 1, then by (18), as long as |5°(t)]

remains greater than 3R, Z solves (HS,\) with Ha(t, 2) = Fy(t,y°, 24+ r(t, o).
As a consequence, §°(t) would be constant, while

zb(t) = AVr(t, 3°(0)) .

Our main issue will be proving that [§°(0)] < p
=y

We claim that, anyhow, it has
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We deduce from (b) in Proposition 10 that

T or

;%b(T)—;%b(o)z/o f”(t)dtzA/O a—yb(t,gjb(O))dt

a2 Tr(t %) dt
o Jo Y Pl
0 . 3°(0)

= \NT—~(|y® = AT (|13°(0)]) =L . 20
57 D] ey =T (POD - (20)

This implies that 2°(T") # #°(0), since 7/(s) > 0 if s > p, contradicting the
periodicity of Z.

The claim having been proved, from now on we assume that

p <19°(0)] <3R+1. (21)
5.5. An auxiliary system. Let ((¢) be the solution of the Cauchy problem
: Grﬁ
JC=A—(1
¢(0) = 2(0).

Since 74(t, () is smooth, this solution is unique on its existence domain. We
will now see that it is globally defined on [0,7]. Writing ((t) = (£(¢),9(t)),

with

E(t) = (£°(1),€°(1),6(1)),  I(t) = (9°(1),9"(t), (1)),
from the definition of r4(¢, ) we see that the functions £(¢), £%(¢), 9°(t), ¥°(¢),
¥4(t) are constant on [0, T, while

by Ot N
810 = AT (1.6(0),9(0) = A (1)
In particular,
9°(t) = 9°(0) = 4°(0),  for every t € [0,7], (23)

and, by property (b) in Proposition 10, proceeding as in (20),

¢(T) - €(0) = A/0 g—;(t,ﬁb(O))dt = AT (|5°(0)])

Since £°(0) = £°(0), we thus have

¢'(T) = 3"(0) + ATY(|°(0)]) (24)

Proposition 14. One has that
(t.C(1)) 7 S:)ﬁﬂo ,  foreverytel0,7],
’ € Qﬁw . Joreverytel|r,T].

Moreover,
Z(t) = Z(t,((t)), for everyt € [0,7]. (25)
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Proof. The first part of the statement is a direct consequence of (21) and (23).
Let us now prove (25). Since (0, 2(0)) ¢ Qﬁﬂo, we have that

3710, 2(0)) = (0,£(0)) € ([0, 7] x R*V)\ G,
ie., (0,2(0)) € 3(([0,7] x R2N)\ Qﬁﬂo) = EﬁT’O. By continuity, there is an
w €10, 7] such that (¢,2(t)) € Eié for every ¢ € [0,w]. We can then define
G [0,0] = RV as (1) = Z71(3(1)), so that
(t, (1)) ¢ ﬁﬁﬁz and  2(t) = Z(t,¢i(t)), for every t € [0,w].

Then, if t € [0, w],

: 0Z 0Z )

2t) = 5 (tG() + 8_C<t’ G(1)G(1),
hence

0Z : ~ ~ .
Moreover, since Z; is a canonical transformation, we multiply this equality by
%—‘?(t, ¢1(t))*J and we obtain

. Z *
Ja(t) = (G2 0.G)) V(e 0) = AGHE (D), for every £ € 0,4,
where in the last equality we used (19). Since (;(0) = 2(0), we have that
(1(t) satisfies the same Cauchy problem (22) as ((t), and we conclude that

they must be equal on [0,w]. Hence, since we know that 1°(¢) is constant and

(t,{(t)) does not belong to ﬁﬁﬂo for every t € [0, 7], we can take w = 7, and
the proof is concluded. [l

5.6. The conclusion. The next proposition says that there is a solution z of
system (HS,,) whose starting point is ((7"), having the same arrival point as Z.

Proposition 15. There ezists a solution z : [0,T] x R2Y — R of (HS,,) such
that

2(0) =¢(T),  2(T)=2(T). (26)
Proof. By (21) and (23), we have that (¢,((7)) ¢ Qﬂvo, for every t € [0,7]. We

can thus define ’
Z(t if ¢
A1) = Z(t.¢(r), e
Z(t), ift €
By (25) we know that 2(7) = Z(7,{(7)), hence z(¢) is a continuous function.

Moreover, by (21) and (23), we have that |9°(7)| € [p,3R + 1], hence by
Proposition 9, [y*(7)| €]p — £,3R + 2[. Then, by Proposition 9 again, there
exists an open neighbourhood U of (7, z(7)) which is contained in

(Eig \Eﬂ%g) U (]7_7 T] X E3R+2) .
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Let us show that PR, vanishes on U. Indeed, if (¢,z) € U, we can have two

cases: either ¢t €|r,T], in which case (t,z) ¢ Eﬁﬂo, hence R, (t,z) = 0, by

definition (17); or ¢ € [Z, 7], whence 37'(¢,2) € ﬁﬁl ‘ \QﬁT s, and then, by (19)
274 ’4

and (a) in Proposition 10, Ry (¢, z) = Ary(37(¢, z)) = 0. Therefore, since also

V4R, vanishes on U, we conclude that z(t) is a C'-function.

To see that z(t) is a solution of (ﬁén) also on [7, T| notice that, by (21) and
Proposition 7, we have that |y*(7)| €]p — ,3R + 2[, having taken § €]0, 1.

Hence, z(t) enters in Of s at t = 7 and, as long as it remains there, it is a
—~ T’Z ~
solution of (HS,,), since ) vanishes there. But since VK, (t,z) = 0 when
|4°| > 3R, a solution z(t) of (HS,,) with |y°(7)| < 3R + 2 will certainly remain
in O , for every t € [r,T]. We conclude that z(t) is a solution of (HS,) on
ar

the full interval [0, 7.

Moreover, since by Proposition 14 we know that (¢, ((¢)) remains in Q , for

T
every t € |1,T], we have that r4(¢,((t)) = 0 for every ¢ € [r,T], hence
C(t)=C((r), foreverytelr,T].

Then, z(0) = 2(0,{(7)) = ((r) = ¢(T), while clearly z(T) = Z(T), thus
ending the proof. U

Let z(t) be the solution of (Pfl\én) provided by the previous proposition. As
usual, z(t) = (z(t),y(t)), with

wt) = (2°(t), (1), 2(1)).  y(t) = (¥"(1), 4" (1), ¥*(2)).
By (26) we have that 2°(0) = £°(T'), hence, by (24),

2"(0) = 2°(0) + TAY(|°(0)]) (27)

9°(0)
Moreover, since 2 is T-periodic, recalling that ¢4(t) = (£%(¢),94(t)) is constant,
we have
2(0) = ¢*(T) = ¢*(0) = £%(0) = 24(T) = 2(T).
Let € €]0, p| be the constant provided in Lemma 6. In order to show that
our assumption (21) leads to a contradiction, we need to analyze two cases.

Case I: |§°(0)| € [p,p + €]. Since y°(0) = ¥*(T) = ¥°(0) = 9°(0) and 2%(0) =
24(T), by Lemma 6 we have

(a*(T) = 2°(0),4(0)) > 0. (28)
Then, by (27) and (28), since 2°(T") = 2°(T'), we have that

(1)~ 20 - T (3O i 7100 ) >0,

hence
(2°(T) = 2°(0),5°(0)) > TXY(19°(0)]) [§°(0)] > 0,
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where we used the fact that 4/ > 0 on [p, p+¢]. This implies that 2°(T") # 2°(0),
contradicting the periodicity of 2.

Case 2: |§°(0)| > p +e. By the triangular inequality of the norm and (27),
recalling that 2°(T) = 2°(T), we have

(1) — (0)] = TN/ (17 (0)]) — |#(T) — #(0) + Tx/ (| (0)]) -2 )

7(0)]
= TAY((0)]) — [2(T) — 2*(0)].
Since, by (8) and (15),
(0] = | G 0| < a4 1. (29)

recalling that ~/(s) > 1 if s > p+ ¢, taking A > C} + 1 we have that
2°(T) — 2°(0)] > TA— (Cy + )T > 0,
again contradicting the periodicity of Z.

Since in both cases we have reached a contradiction, we have thus proved
the following.

Proposition 16. If % is a T-periodic solution of (}/IS,\) with A > Cy + 1, then
[5°(0)] < p.
Let us then fix, e.g., A = Cy + 2.
Proposition 17. For every t € [0,T], it has to be that (t,2(t)) € B(QE’O).

Proof. We know that (0,2(0)) € ([0,7] x R>V) \ =% which is an open set,
and as long as (¢, 2(t)) stays there we have that VR)(¢,2(t)) = 0, hence 2
is a solution of (ﬁén) Should there be a ty €10, 7] for which the trajectory
(t,2(t)) reaches the boundary of Eﬁyo, which is also the boundary of 3(@370),
then either

() (to, 2(tp)) is such that ¢ty €0, 7] and 2(¢y) coincides with the value at ¢y of
a solution Z(t) of (HS,,) whose y-component starts from OB,, ie., [5°(0)] = p,
or

(17) (to,2(to)) is such that ty €]7,T| and Z(ty) coincides with the value at
to of a solution Z(t) of (I-/I\én) whose y’-component starts from 9Bsp.s, i.e.,
17°(0)] = 3R + 2.

In case (i), where ty €]0,7], by Proposition 9 it has to be that, for every
S € [O, to],

both (s, 5"(s)) and (s,7"(s)) belong to the interior of ([0,T] x RN")\ Qg

)

N[>

ie.,

both (s,2(s)) and (s, %(s)) belong to the interior of ([0,T] x RY')\ Qﬁgg ,
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where the Hamiltonian function #, in (HS,) is C**-smooth, and we would
have a contradiction with the uniqueness property for the associated Cauchy
problem.

In case (ii), recalling that H, (¢, z) = F,,(t,y°, 2¢) when |y°| > 3R, we see that
7°(t) must be constant, with |7°(¢)| = 3R + 2, while necessarily |9°(¢y)| < 3R,
a contradiction. O

We have thus proved that, for every ¢ € [0, T, (¢, 2(t)) € ([0,T] x R*Y) EE,O,
an open set. Hence, by (17), VRR\(¢,2(t)) = 0 and Z is indeed a T-periodic
solution of (ﬁén) By Proposition 7, the graph of Z lies in Qg,(s, hence, by (14),
% is a solution of (HSg). Moreover, by Lemma 4 we have that [|§°]|« < Cy
and, by Lemma 5, ||2%||c < Cs. Having chosen R > Cy + Cs3, we have that
VKg(t,2(t)) = VK(t, 2(t)), for every t € [0,T], and we conclude that 2 is a
solution of (HS).

We have thus seen that, with the above choice of A, all T-periodic solutions

of (I-/I\S,\) are indeed solutions of (HS). Therefore, (HS) admits at least M + 1
geometrically distinct T-periodic solutions and, by Proposition 16, [y°(0)] < p.

6. GENERALIZING THE TWIST CONDITION

As in [24], Assumption A5 can be generalized in various ways. For instance,
it could be assumed that for every solution with |¢°(0)| = p and verifying
24(0) = 24(T') one has

2"(T) — 2(0) ¢ {ay’(0) : & < 0},

i.e., what we call an avoiding rays condition. Or else, that for some invertible
symmetric matrix S one has

(*(T) — 2°(0),8y"(0)) > 0.

These two assumptions always rely on the solutions whose y’-component starts
from the boundary of the closed ball Ep. However, the ball could be replaced
by some convex body D in RY . Assuming a smooth boundary and denoting,
for every v € 9D, by v(v) the outer unit normal vector to the boundary
of D, we can state the following two conditions generalizing the above ones,
respectively.

Assumption A6. Fvery solution of (HS) starting with y*(0) € D and veri-
fying 24(0) = 2%(T) satisfies

2"(T) = 2(0) ¢ {av(y°(0)) : & < 0}
Assumption A7. There is an invertible N®x N® symmetric matriz S such that
every solution of (HS) starting with y°(0) € OD and verifying 2%(0) = 24(T)
satisfies
(2*(T) — 2°(0), Sv(y*(0))) > 0.
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Theorem 3 remains valid if A5 is replaced by either A6 or A7, providing
the existence of M + 1 geometrically distinct T-periodic solutions of (HS) such
that »°(0) € D. Let now

D= [al,bl] X oo X [CLNb,bNb] .

Assumption A5 can also be replaced by the following one.

Assumption A8. Every solution of (HS) starting with y°(0) € D and veri-
fying 2%(0) = 2%(T) satisfies

W0y =a; = 2%T)—a(0) <0,

wO0)=0b = aT)—2%0)>0,

for everyi=1,...,N°.

In the above Assumption A8, the constants aq,bq,...,ays,bye can be re-
placed by continuous 27-periodic functions (see the proof of |24, Theorem
6.2]). We will maintain for them the same notation, and define

S={(a"y") e RN xRV : ay(ad) <y} <bi(ah),i=1,...,N}.
The condition becomes the following.

Assumption A8'. Every solution of (HS) starting with (2°(0),4°(0)) € oS
and verifying z%(0) = 24(T) satisfies

y2(0) = ar(2}(0)) = a)(T)—a2(0) <0,
y2(0) = by (22(0)) = 2U(T) —2%(0) > 0.

for everyi=1,...,N".

In all the above assumptions the inequalities can be reversed, still preserving
the conclusion of the theorem.

7. THE POINCARE-BIRKHOFF THEOREM — II

There is an assumption which generalizes all the above ones, the so-called
avoiding cones condition, highlighted in [15]. In order to state it, let us intro-
duce a C'-function h: RY" — R, and let

D={veR" :Vh(v)=0}.

For every v € D, we define Aj(v) as the set of those vectors w € RN" for
which there exists a sequence (v,), converging to v and a sequence (ay,), of
real numbers such that «,, < 0 and «,, Vh(v,) — w. It can be seen that A (v)
is a closed cone in RN,
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Assumption Ab5g.,. There is an invertible symmetric N® x N® matriz M
such that, for some constant C' > 0,

|h(v) — (Mo, v)| < C and |[Vh(v) —Mv| < C, for every v € RN,
and every solution of (HS) starting with y*(0) € D and verifying z%(0) =

24(T) satisfies
2'(T) = 2°(0) ¢ Au(y"(0)).
Under the above assumption, the set D is non-empty and compact. Here is
our most general result.

Theorem 18. Let Assumptions A1-A4 and Abge, hold true. Then, sys-
tem (HS) has at least M + 1 geometrically distinct T-periodic solutions, with

the property that y*(0) € D.

Proof. We can assume without loss of generality that 0 € D. Since D is
compact, there is a o > 0 such that D C B,. Now we proceed following the
lines of the proof of Theorem 3, introducing the modified system (HSg). Notice
that Lemmas 4 and 5 hold the same, but we need to modify Lemma 6 into the
following one.

Lemma 19. There exist € > 0 and € > 0 with the following property: if H
satisfies Assumption A1 and is such that ||VH — VHgl|ls < &, then for any
solution z of J = VH(t, z), with dist(y*(0),0D) < & and 2%(0) = 2%(T), one
has that
2°(T) — 2°(0) ¢ {aVh(y°(0)) : a < 0}.

Proof. We just sketch the proof, being very similar to the one of Lemma 6.
Assume by contradiction that there exist sequences (H,,), and (z,), such that
H, satisfies Assumption A1, |V H,—VHg| e < 1/n, 2, solves Jz = VH,(t, 2),
24(0) = 24(T), dist(y%(0),0D) < 1/n, and a sequence (a,),, with a, < 0,
such that 22 (T) — 2°(0) = «,,Vh(y2(0)). By Lemmas 4 and 5 we have that
(y2), and (2¢), are uniformly bounded. We can now proceed as in (11), (12)
and find a subsequence which converges uniformly to z, a solution of (HS).
Passing to the limit as n — oo we have that §°(0) € 9D, z%(0) = z4(T)
and 7°(T) — z°(0) = lim,, o, Vh(,(0)), hence z°(T) — z°(0) € A,(7°(0)), a
contradiction. O

We now proceed similarly to further modify the Hamiltonian function. The
sets 2.4 are now defined as

{(t,y") : t €]0,c], dist(y’, RN\ D) > d} U{(t,2) : t €]e, T], |s*| < 3R+ 1} .

Without entering too much into details, let us just sketch the final argument.
Equation (27) now becomes

2°(0) = 2°(0) + TAVR(2°(0)) . (30)
By Assumption A5, it is possible to find a constant ¢ > 0 such that
dist(v,D) >¢ = |Vh(v)| > ¢, (31)



30

Here is the detailed analysis of the two possible cases.
Case 1: dist(9°(0),0D) < e. Since 3°(0) = $°(0) and 2¢(0) = 2%(T), by
Lemma 19 we have

W(T) — 2(0) ¢ {aVh(y(0)) : a <0}
Then, by (27) and (28), since 2°(T") = 2°(T'), we have that

"(T) — @"(0) = TAVA(5"(0)) ¢ {aVA(§(0)) : a < 0}
This implies that 2°(T') # 2°(0), in contradiction with the periodicity of 2.
Case 2: dist(°(0), D) > e. By the triangular inequality of the norm and (30)
we have
[2°(T) = 2°(0)| > |TAVA(5°(0))| — |2°(T) — 2°(0) — TAR(5"(0))|
= TAIVA(y(0))] — [2*(T) — 2(0)],
hence, by (29) and (31),
|2°(T) — 2°(0)| > TAé — (Cy + )T

Taking X\ > (C; + 1)/¢, we have that 2°(T) # 2°(0), a contradiction.

The proof of Theorem 18 can now be completed as the one of Theorem 3. [J

Remark 20. The twist condition Adge, has been analyzed in [15], showing
how it generalizes A5, A6, A7 and AS8. For example, in order to see that A5
implies Adgen, it is sufficient to choose D = B,, M = —I, and

0, if vl < p,
h(v) =
) {—%w—p)% 1ol > p.
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